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< S This paper considers the hydraulic equations governing alluvial river dynamics. The
> — shock-wave classes for this system were described and fully analysed by Needham &
8 23] Hey (1991). The complementary expansion wave classes are determined in this paper.
— In addition, more general simple waves are considered and a weak-shock theory
=i is established. This is used to consider several practical examples, including the
E 8 dynamics of dredged river sections, the propagation of sediment slugs and the effects

of sediment blocking and extraction.
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1. Introduction

The mechanics of bed-load sediment transport in alluvial rivers and channels is of
great interest to many scientists, including civil engineers, geologists, hydrologists,
and more recently, ecologists. For example, the aggradation of a river bed due to
sediment deposition upstream of dams can lead to serious structural damage, while
the efficiency of reservoirs and irrigation channels is often reduced by the depositing of
detritus. In extreme cases these may become useless, resulting in floods and droughts.
Also, the dispersal of pollutants transported along a river bed attached to sediment
can lead to environmental damage. Therefore, an understanding of the dynamics
of the system of equations governing the flow in alluvial rivers is essential to the
development of an understanding of all of these problems.

However, until very recently, a rational analytic approach has not been taken in
determining solutions to the system of equations which governs the flow in an al-
luvial river or channel, namely the depth-averaged hydraulic equations augmented
by a sediment transport function. Most of the solutions have been developed nu-
merically (see, for example, Cunge et al. 1981; Bettes & White 1979; Peter 1981,
Falconer & Owens 1984; Krishnappan 1985, 1986) for specific problems associated
with particular rivers, the results of which usually cannot be generalized. On the
other hand, the analytical approaches used by, for instance, Ribberink & Van der
Sande (1985), Mehta et al. (1983), de Vries (1973), Gill (1983a, b, 1987) do not pro-
vide a fully comprehensive study of the dynamics of the flow because of the use of ad
hoc approximations which result in what are known as the ‘parabolic’ or ‘hyperbolic’
models. The assumption of steady state conditions for the fluid mass continuity and
the momentum equations, and then the linearization about the uniform flow, leads
to the loss of two of the solutions for the characteristic wave speeds of the flow,
one becoming infinite and thus physically unacceptable. Therefore, the so-called ‘hy-
perbolic’ model only exhibits a degenerate form of hyperbolic behaviour. Reynolds
(1965) similarly attempted to solve a reduced nonlinear system of equations. How-
ever, his approximations led to a quasi-linear equation which contains a spurious
singularity at F' = 1, where F' is the local Froude number of the flow. The occur-
rence of this singularity was not resolved by Reynolds. There would be a similar
singularity in the nonlinear version of the ‘hyperbolic’ model used by Ribberink &
Van der Sande (1985). The understanding and resolution of the defects in the above
models is based on the development of a complete singular perturbation theory for
the full nonlinear system of conservation laws. In the linearized regime, Needham
(1988, 1990) returned to the full system of equations and, by the use of asymptotic
techniques in conjunction with a wave hierarchy approach, showed that the system
was formally hyperbolic. The resulting system was found to be a singular perturba-
tion of the usual system governing linearized fixed bed hydraulics and this singular
perturbation was examined fully. The differential form of the fully nonlinear system
has also been shown to be formally hyperbolic (Zanré & Needham 1994) leading to
the possibility of finite-time blow-up in the full nonlinear system, necessitating the
inclusion of shock waves. Needham & Hey (1991, 1992) considered the possibility of
weak (shock wave) solutions to the integral form of the conservation laws, requiring
the introduction of a shock-depth function. Three shock wave families were found
which were then analysed to establish stability via an energy dissipation criterion.
In a recent paper, Zanré & Needham (1994) have generalized these three families
of shock wave solutions and have established that the energy dissipation criterion
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and the use of the Lax shock inequalities (see, for example, Lax 1957, 1973; Smoller
1983) provide equivalent conditions for determining regions of stability of such shock
waves.

In this paper we examine the three simple wave families of the fully nonlinear
equations, which are classical solutions to the differential form of the integral con-
servation laws. Each of these three families corresponds to a classical solution which
propagates information along only one of the three characteristic families, \;(u),
i =1,2,3, identified in Zanré & Needham (1994).

First, we construct the three families of expansion wave solutions, the counterparts
of the three shock wave families discussed in Needham & Hey (1991, 1992) and in
Zanré & Needham (1994). These exist in complimentary regions of the (H, Fy)-plane,
where H and Fj are as defined in Needham & Hey (1991, 1992). Then we examine
the simple wave solutions for more general initial data. As may be expected, finite-
time blow-up is exhibited in many cases (in ||uy||oo, ||t o), after which the solution
can only be continued in a piecewise-classical sense by the inclusion of a shock wave
which satisfies the conditions derived by Needham & Hey (1991, 1992). Generally
this is quite a lengthy and complicated procedure. However, for weak disturbances,
we show that the insertion of a shock into a simple wave solution using the equal area
rule of Whitham (1974) is equivalent (up to first nonlinear order in shock amplitude)
to the fitting of a shock satisfying the full conditions of Needham & Hey (1991, 1992).
In this case, we can readily follow the full evolution of the initial data. Examples of
physically relevant problems are given, namely the evolution of a dredged channel,
upstream and downstream sediment influx and starvation problems, and sediment
slug passages.

2. Equations of motion

The integral conservation laws which govern the one-dimensional flow in an allu-
vial river or channel are the depth averaged hydraulic equations, augmented with a
sediment transport function to allow closure of the system. These are

d [

d w2 _ 2.1
ai /. hd;v—k[hv]m1 , (2.1)
G ez -0 (22
dt /., o =5 '

d [*
a/ hvdz + [v*h + $gh®)2? +/

q = G(h,v). (2.4)
The equations (2.1)—(2.3) are derived through conserving momentum and the fluid
and sediment mass in a region of the flow between x = x; and x = x5, where
x2 > x1 and z is a measure of the horizontal distance from a fixed origin, 0 (see, for
example, Stoker 1957). In these equations ¢ represents time, v the depth-averaged
fluid velocity in a horizontal direction and ¢ the bed-load sediment flux per unit
width transported across a vertical section of the flow. The bed level, &, is measured
vertically downwards from the origin, with the flow depth being h, giving the distance
of the free surface from the origin, n, as n = h—¢&. The coordinate system is illustrated
in figure 1. R(v,h, q) is a function which represents the resistance on the fluid flow

ghdyz/ R(v, h,q)hdzx, (2.3)

£1,2
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h(z,t)

Figure 1. The coordinate system.

due to bed friction and G(h,v) is the sediment transport function, the effects of
specific forms of which are examined by Cunge et al (1981). The final term on
the left-hand side of equation (2.3) is a line integral with respect to y (the vertical
coordinate measured in an upwards direction from 0) along C¢, ,, an integral path
denoting the part of the bed curve between z = 2y and x = x5. This arises from the
normal reaction of hydrostatic pressure at the bed.

To continue with further analysis of the system (2.1)—(2.4), it is necessary to
specify particular forms for R and G. Following Gibson (1934), we adopt the Chézy
formula for a wide channel with a rectangular cross section as the functional form
for R. This can be written as

R=~Cy(qp?/h, (2.5)

where C'f is the dimensionless Chézy coefficient, related to the usual Chézy coeffi-
cient, C'y through

Cr=Cr/(1+ Cyq). (2.6)
Here C is a material constant which determines the extent to which the resistance
of the flow would depend on sediment transport. From equations (2.5) and (2.6), we
can see that the flow resistance becomes greater with increasing fluid velocity and

decreases if the flow depth or the local bed-load sediment transport rate increases.
The chosen functional form for G is given by

G =mv", (2.7)

as in Cunge et al. (1981). Here, m will generally be dependent on the properties of
the flow and n a constant. Experiment has shown that in many cases if the flow is
slowly varying in time then 1 < n < 2, provided the bed is not dune covered where
larger values for n may be obtained (Engelund & Hansen 1967). In this paper, we
take m as a constant since this is a reasonable approximation to many of the sediment
transport functions. Also, for simplicity, we take n = 2. However, in the following
analysis the results will remain qualitatively similar for different functional forms for
R and G provided R is monotone increasing with v and monotone decreasing with
h, and G is a positive monotone increasing function of v.

Phil. Trans. R. Soc. Lond. A (1996)
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The simplest solution of the conservation laws (2.1)—(2.4) is the uniform flow down
an inclined plane of slope, S, with constant fluid discharge, Qo, sediment discharge,
qo, bed-level, hg, fluid velocity, vy, and where £ = Sxz. Substituting into equations
(2.1)—(2.7) gives the solution for the uniform flow as

Q0 /2 (Q%m)1/2 Cy Q0 1/2
5 I T i R p——— ) P
v (m) "\ o 9Qo(1 + Cyq0) (m) 2

which is then used as a bagis for the following dimensionless variables,

v=upv, h=hoh/, E=ho&, q=qod, y=hoy, z=1la', t=(lo/vo)t,

(2.9)
where [y is a typical horizontal length scale in the flow, with Iy > hg in keeping with
the hydraulic approximation. Substituting (2.9) into (2.1)—(2.4) and replacing G by
(2.7) leads to the non-dimensional system,

2
C% / hda + [ho]2? = 0, (2.10)
Z1
d [*
EE/ ¢dz — [ev?])22 =0, (2.11)
x2

Z1

d [* 1 1 —Cr (™ 2
4 Ao+ |v?h + L p2 */ hdy = f/ 2.
dt/ ho “[U +2F02hL1+F02 Cer W= areemd 212

q=° (2.13)
where the primes have been dropped for convenience. Here, Fy = vy/+/ghg is the
Froude number of the uniform flow, e = ¢o/Qo (< 1) is the ratio of sediment to fluid
discharge, o = ho/ly, while § = Csqo is a dimensionless measure of the influence of
bedload sediment transport on flow resistance. When ¢,6 — 0, the system (2.10)-
(2.13) reduces formally to that associated with fixed bed hydraulics (see, for example,
Stoker 1957). In terms of the dimensionless variables, the uniform flow can be written
as

CrFg
s1+6)"
To proceed, we will only consider classical solutions of the differential form of the
integral conservation laws (2.10)-(2.12) given by

v=1, h=1, &= =1. (2.14)

Oh 0

S5+ 5 () =0, (2.15)

9 0, o _

5 a0 =0, (2.16)
ov  Ov 10h 10  —Cp?

9% Vort For  Fior ~ oh(i+ 003 (2.17)

subject to the additional admissibility conditions
—o00 < {(x,t) <00, 0<wv(z,t)<oo, 0<hzt)<oo, (2.18)

as defined in Zanré & Needham (1994). In their paper, Zanré & Needham established
that the system (2.15)—(2.17) was formally hyperbolic, and that the canonical form

Phil. Trans. R. Soc. Lond. A (1996)
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of the system can be written as
Oh Oh (v—Xi(w)) [0 . 0€
<§ * AZ(u)%) + i (u) ot t Ai(w) Ox

R R T

(2.19)

for 1 = 1,2,3. Here u = (h,v,&)T and \;(u), i = 1,2,3, are the eigenvalues of the
system, (2.15)—(2.17), and represent the three characteristic families. These were
found to be given by

¢

(v — Vh/Fp) |:1 + F2(v —€3h/F0>2 + 0(52)] ;

0 < v < h/Fy—O('/?),
A(u) ~ ¢ (2.20)
36200 = V(0 + AVR/FS) + O(e); v =/h/Fy£O0('/?),

—|—O(€2), v > \/h/F0+O(€1/2)a

2y. Fo—O(cV/?
Fog(h/F(?—v?)—i_O(e)’ 0<v<+h/Fy—0("?),

3620+ V(@ + 4VR/FF)] + O(e); v =+/h/Fy£O0(e'?),
() ~ (2.21)

(v =V Fo) |1+ _i”/h/FO)Z +0()|;

v > /h/Fy+ O(e'/?),

As(u) ~ (v + /h/F)[L + evFy 2 (v + Vh/F) "2 + O(€?)]; v, h > 0. (2.22)

as € — 0, where ¥ = (v — /h/Fp)e~ /2.
The \;(u) (i = 1,2, 3) satisfy the ordering,

A(u) <0< Ag(u) < Az(u), (2.23)

for all admissible w satisfying (2.18). It can be seen from this ordering that the
system (2.15)—(2.17) is indeed hyperbolic. Also, as ¢ — 0, only the eigenvalues of
o(1) play the dominant role in the evolution of the bedform (Zanré & Needham
1994). Thus it can be seen from (2.22) that As3(u) never becomes small enough to
carry an O(1) bedform structure. However, from (2.20) and (2.21), we can see that
both the A;(u) and X2(u) eigenvalues have the necessary O(e) forms to allow an
O(1) bedform structure to evolve. When the local Froude number, F' = (v/\/h)F,
is greater than unity, the O(1) bedform development occurs predominantly on the
A1(u) characteristic. Conversely, when F' < 1, the O(1) development in bedform is
associated with the \p(u) characteristic.

The canonical form (2.19), along with the definitions of the X\;(u), i = 1,2, 3,
given by (2.20)—(2.22), will be used in the next section to find the three simple wave
families s, sg, S3.

Phil. Trans. R. Soc. Lond. A (1996)
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3. Simple waves

On taking the bedform, &, and the fluid velocity, v, to be functions of the flow
depth, h, we make the substitutions

¢=F(h), v=G(h) (3.1)

into the canonical form (2.19), where F and G are differentiable functions to be
determined. Dissipative effects are exhibited through the dimensionless parameter,

df =Cf/0'. (32>

In a hydraulic flow both ¢ < 1 and Cy <« 1 and so the effect of dissipation depends
upon the relative smallness of the shallow water parameter o and the flow resistance
(Chézy) coefficient, C. In the present paper, we restrict attention to the case dy < 1,
which is usually the situation in most alluvial hydraulic flows. In particular, in what
follows we let dy — 0. This, along with (3.1), reduces the canonical form, (2.19), to
the three equations,

oh oh F'(h)(G(h) — Xi(w))
[5{ + )\z(U)g] I:l + )\,(’U/)

with ¢ = 1,2,3 and where ’ denotes differentiation with respect to h. The three
equations (3.3) determine the three simple wave families s;, ¢ = 1,2, 3 subject to the
downstream condition that the flow is uniform, as given by (2.14), which requires
F(1) =0and G(1) = 1.

= G'(h)Fg (G(h) = Ai(w))| =0, (3.3)

(a) The s3-simple wave family
Along the A\3-characteristic, we have from (2.23) and (3.3) that

Oh oh
5 Ty =0, (34)
1+ F/(h)(ci\(fl(it; M) _ G'(R)EFZ(G(h) — M (u)) =0, (3.5)
1+ F/(h)“i\(zh()u; fa(w) G'(R)FZ(G(h) — Xa(u)) = 0. (3.6)

On rearranging (3.6) we obtain an explicit form for F'(h) as

F(1) = g g (G (R (G() = Xa(w) 1. (37)

to be solved in h > 0 subject to the condition
F(1) = 0. (3.8)

Now substituting (3.7) into (3.5), we arrive at the following ordinary differential
equation for G(h),

1+ G (W)FA(G(R) — M (w) {M _ 1} _ (G = M@)hau) _ g )

A1 (u) (G(h) = Az(u)) i (u)
to be solved in h > 0 subject to the condition
G(1)=1. (3.10)

Phil. Trans. R. Soc. Lond. A (1996)
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The fluid velocity, G(h), is determined by solution of (3.9), and this is substituted
back into (3.7) to obtain the corresponding bedform, F(h). The solution of (3.9)
subject to (3.10) is now considered in the limit ¢ — 0. This is complicated by
the asymptotic structure of A\;2(u) as € — 0, given by (2.20) and (2.21), which
depends upon whether G(h) < \/h/Fy or G(h) > \/h/Fy. For this reason we find it
instructive to deal with the solution of (3.9), (3.10) separately in each of the cases
Fy<1—-0(e'"?), Fy ~1+£0("?) and Fy > 14 O(e'/?).

(i) Fy <1—0(e/?)

In this case, at h = 1, condition (3.10) establishes that G(h) < \/h/Fy and so, at
least in some interval containing h = 1, we have from (2.20), (2.21),

M () ~ (G(h) — v/ Fo) + Oe), (3.11)
2eG(h)?
relw) ~ e

as € — 0. On substitution from (3.11), (3.12) into (3.9) we obtain the differential
equation for G(h) as,

G'(h) = 1/Fy\/h + O(e), G(1)=1. (3.13)
The solution of (3.13) is readily obtained as
G(h) =1+ (2/F)(vVh—1)+0(e), (3(2-Fp))? <h<(2—Fp)*-0(c"?). (3.14)

The lower limit on A is obtained via the admissibility condition v > 0, while the upper
limit occurs when G(h) ~ +/h/Fy, and alternative asymptotic forms are required for
A12(u) to continue the solution of (3.9) into h > (2 — Fy)? — O('/?).

We next consider the form of G(h) when h = (2 — Fy)? £ O(e'/?). We introduce
the scaled variables, h and G, as

h=(2-F)?+eh, G=2-FR)/F+/%G, (3.15)

being guided by (3.14), with h, G = O(1) as € — 0 in this region. On substituting
from (3.15) into (3.9) we obtain

1

+0(e?), (3.12)

G'(h) = ————=+0("?), —o0<h< o0, 3.16
() = gy + O (3.16)
subject to matching with (3.14) as h — —o0, which requires
- h _
h)y=———-- —00. .
G(h) Fo2 = Fy) +0(1), as h— —c0 (3.17)

The solution of (3.17) and (3.16) is readily obtained as G(h) = h/Fy(2 — Fp), and so
we have
(2-F) , , h

G(h) = R —
(h) Ey Fy(2 — Fy)

as € — 0 with h = O(1).
For h > 1, (3.18) moves into a domain where G(h) > /h/Fy + O(e'/?) and a
further region must be introduced to continue G(h) into h > (2 — Fy)? + O(e'/?).
Again we substitute into equation (3.9) for the appropriate forms of A\;o(u) from

+0(e), h=2-F)?+0(Y?) (3.18)

Phil. Trans. R. Soc. Lond. A (1996)
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(2.20) and (2.21), after which we arrive at

G/ (h) = Eiﬁ 1O0(E),  h>(2—Fy)?+0(E),

which is to be solved subject to matching with (3.18) as h — (2 — Fy)?, namely,
Gh) = (2-FR)/Fy as h— (2— Fy)%

The solution of this problem is readily obtained as

G(h) =1+

The solution to (3.9), (3.10) is now complete, and we observe that as ¢ — 0

VR=1)+0(e),  h>(2—-F)?+0(/?). (3.19)

G ~ 1+ 2 (Vh=1) +o(l), wniformlyin h>12-F)?,  (3.20)
0

via (3.14), (3.18) and (3.19). On substituting back from (3.20) into (3.7) and (2.22)
we find that, as ¢ — 0,

F(b) ~ o {(2 — Fy) log &#l T 6(1— v/h) + O(a)} . G2
Ns(h) ~ 1+ Fio(:),\/h _2) 1 0(e), (3.22)

uniformly in A > i(2 — Fy)?. We remark that the apparent singularity in (3.21)
occurs outside the admissible domain of h, namely in h < (2 — Fp)2.
(ii) Fop > 1+ O(eY/?)

In this case at h = 1, condition (3.10) establishes that G(h) > \/h/Fy, and so, at
least in some interval containing h = 1, we have, from (2.20), (2.21),

A1(u) ~ O(e), Ao(u) ~ (G(h) — /h/Fy) 4+ O(e) (3.23)
as € — 0. After substituting from (3.23) into (3.9) we obtain the differential equation
for G(h) as (3.13) and so again we have

2

Gh) =1+ = (Vh=1)+0(e), h>H"2-FR)(2-F)*+0(E"?)] (3.24)
0
with H*(-) being the Heaviside function, defined as

oy [1, ifz>0
H(x)_{o, if 2 < 0.

As in case §3a (i), two further regions are necessary when Fy < 2, to continue
G(h) into h ~ (2 — F5)? £ O(e"/?) and (3(2 — Fy))? < h < (2 — Fp)? — O(¢'/?). The
details are as in case § 3 a (i) and we finally arrive at the forms (3.20)—-(3.22) for G(h),
F(h) and A3(h) as € — 0, uniformly in h > 1H*(2 — F,)(2 — Fp)2.

(iil) Fy ~ 14 O0('/?)
In this case we readily establish that as e — 0
G(h) ~ 2y/h — 1+ O(e'/?), (3.25)
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As(h) , (a)
N B A
Fo ! !
R aaahEt ' ! 0< Fp<2
o 2 ! !
0 (2 — I1‘-‘0)2 Il h
v(h) 2
0< Fp<2
h
O(e) h
0< Fy<?2

Figure 2. (a) Graph of A3(h), v(h), £(h) when 0 < Fp < 2.

F(h) ~ de{log|2\/h — 3| +6(1 — /h)} + O(*?), (3.26)

As(h) ~ 3y/h — 1+ O0(e'/?), (3.27)

uniformly for A > 1.
Therefore, via (3.20)—(3.27) we have established that the ss3-simple wave has, as
e—0

As(h) ~ 1+ ?1—(3@ ~9)+ 0(e), (3.28)
w(h) = G(h) ~ 1 — F% + 2?—: +0(e), (3.29)
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As(R) )

Fo>2

Figure 2. (b) Graph of As(h), v(h), £(h) when Fy > 2 for s3-simple wave.

€)= F(b) ~ o= {(2 ~ Fy) log fo;f%f’w‘} 601 - \/h)} +O(?),  (3.30)

uniformly in Fy > 0, h > 1H*(2 — Fy)(2 — Fp)?, with h(z,t) satisfying the partial
differential equation

oh oh

o T a(h) 7 = 0. (3.31)
Sketches of A\3(h), v(h) and £(h) are given in figure 2 for the cases Fyy < 2 and F > 2.
We notice that there is a cut-off point in the region Fy < 2 at h = (2 — Fp)?,
below which the velocity, v(h) becomes negative. As can be seen from the graphs,
the characteristic wave speed, A3(h), is always positive and O(1). As expected, the
resulting bedform, £(h), is never of a significant order to be of any great interest in
sediment transport problems, being always of O(¢).
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(b) The sa2- and si-simple wave families

In a similar manner to that of §3a, we can establish via (3.3) that along the
A2 (u)-characteristic, the properties of the s;-simple wave family can be determined
from the equations,

oh Oh

O w2 o (3.32)
14 PO M) _ cmrgiam - nwy -0 63
- F/(h)(ci\(:l()u; As(w)) G (W) F2(G(h) — Aa(w)) = 0, (3.34)

whereas, along the Ay (u)-characteristic, we have for the s,-simple wave that
%;z N Al(u)g—}; _o, (3.35)
14 EOEB 50D _ grmrgic -y =0, 639
14 ZOREO 20D _ crgom - xwy =0, (341

Again we can in both cases, respectively, rearrange equation (3.33) or (3.36) to
provide an explicit expression for F’(h), after which substitution into equation (3.34)
or (3.37) leaves a single first order ordinary differential equation to be solved for G(h),
subject to the conditions G(1) = 1 and F(1) = 0. As in §3 a we consider the solution
of this problem as ¢ — 0. Again this is complicated by the asymptotic structure
of each \;(u) (1 = 1,2,3) as ¢ — 0, which depends upon whether G(h) < v/h/Fj
or G(h) > \/h/Fy. As before it is therefore instructive to consider the cases Fy <
1—0(e'/?), Fy ~ 1 £ 0(¢'/?) and Fy > 1 + O(¢'/?) separately.

Omitting details, the properties of the sp-simple wave family are obtained as the
following.

In Fy < 1—O(eY/?):

(3/Fo)(Fy"* = k) + O(e), 0<h<F?—0(Y?),
/21 _3p 72 1/2
Mo(h) ~ ¢ €5 —3h 9k 4 Ry s
() 2 [2F51/3 + (4F§/3 + R +0(e), h=F,""£0(e'?),
2e/(h® — F2) + O(e?), h> F2 4 0(1?),
(3.38)
(2/F0)(%F01/3 —vh)+0(), 0<h< FOZ/3 — 0('/?),
v(h) = G(h) ~ § Fy?? — ' 2h/4Fy"® + O(e), h=F"> £ 0(e'/?), (3.39)

1/h + O(e), h> F2% 4+ 0(el/?),
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GRS LR —1)+0(e), 0<h< F?—0(/?),
Eh)=F(h)~q CFP-1R2-1)+0(?), h=F1+0(Y?), (3.40)

(h+F2/2h* —1 - LF2) + O(e), h> F'®+0(1/?),

where h = (h— Fo2 / 3)8_1/ 2 and the depth, h, satisfies the partial differential equation

o,

ot
with A\y(h) given by (3.38). Sketches of \2(h), v(h) and £(h) are given in figure 3. We
observe that the A;(h)-characteristic speed is always positive and that the bedform

structure £(h) is always O(1).
In Fy > 1+ O('/2):

,

(=3v/h/Fy +2/Fy + 1) + O(e), 0<h< (324 F))?-0(?),
3

1/2 —9h 8172 4 1/2
2 [2F0(2 + Fp) (4F02(2 + Fy)? + 3F3 (2+ FO)) ] +0(e),

oh
Na(h) 5 =0, (3.41)

Az(h) ~
h=(3(2+ F))? £ 0(7?),

—2e(2 4 Fp)®
F2[(2+ Fy)® — 35h3]

+0(?), h>(3(2+ Fp))® + O(e'/?),
(3.42)
(=2vh/Fo + 14 2/F;) +O(e), 0<h<(3(2+ Fy))? — O(e'/?),
v(h) =G(h) ~ $ (2+ Fy)/3F, + O(e'/?), h=(%(2+ Fp))? £ 0(/?),

(2 + F)%/2TFyh + O(e), h > (3(2+ Fp))? + O(e/?),
(3.43)

Fo(1- «h)] Lo,

( —4¢ (2‘+‘F0)1 3\/h—2—F0
3Fy 3 1-F

0<h< 22+ F))?-0(?),

§(h) =F(h) ~ 3 o2, h= (22 + Fy)) + O(1/2),

h+ (2+ Fp)°/2-3%h2 — 3(1(2+ Fp))? + O(e),
h> (3(2+ F))? +O0('?),

\
(3.44)
with b = (h — (3(2 + Fy))?)e™1/? and h also satisfying (3.41), where in this case
Az2(h) is as given in (3.42). Figure 3 contains the sketches of A\y(h), v(h) and &(h)
for this region, where again we can see that the characteristics wavespeed is always
positive. There is a transition region through h = (1(2 + F))?, where the bedform
development evolves from O(e) to O(1), when Ay(h) is O(1) and O(g) respectively.
We observe that (3.38)—(3.40) continue into (3.42)—(3.44) when F = 1+ O(g!/?).
Therefore we have the following.
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Aa(h) @

3Fy°

h

h
h
()(61/2)
Figure 3. (a) Graph of A2(h), v(h), £(h) when Fy < 1 — O(g'/?).
In Fy = 1+0(e'/?):
3(1 — /h) + O(e), 0<h<1-0(?),
Aa(h) ~ § Let/2[-3h 4+ (2R% +4)2] + O(e), h =1+ O(c'/?), (3.45)

2e/(h® — 1) + O(£?), h > 1+ O0(e'/?),
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Ll SPSPRR (U

0(61/2)

Figure 3. (b) Graph of Az(h), v(h), £(h) when Fy > 1 4+ O('/?) for so-simple wave.
(3—2yh)+0(e), 0<h<1-0(?),
v(h) = G(h) ~ ¢ 1~ 1e2h+ O(e), h=1£0(?), (3.46)
1/h+0(e), h>1+0(?),

2e(2(vh —1) —log |l — v/h|]) + O(e), 0<h<1—0(/?),
§(h) = F(h) ~ § O(e'/?), h =14 0(!/?),
(h+1/20% = 2) + O(e), h> 1+ O(e'?),
where i = (h — 1)e=1/2. (347)
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Finally, from (3.35)—(3.37), we find that the s;-simple wave family is given by the

following.
In Fy < 1—O(g/?):

, —2¢(2 + Fp)® , 1 2 y
h < (5(2+Fy))* -0
FOZ[(Q + FO)G _ 36h3] + 0(5 ), O0< h< (3( + 0)) (€ ),
el/? —9h ]1h2 4 1/2
2+ F 0
2 [2F0(2 iR (4F02(2 TR T arg T °)> ] +0(e),

Ar(h) ~ h— (%(2 + Fy))? £ O(e'/?),

(—3yh/Fo+2/Fy + 1) + O(e),
L2+ F)?+0(e?) < h < A2+ Fy))%,

\

(3.48)
( 3
(22;71:2) + O(e), 0<h< 32+ F))?-0("?),
2+ Fo 1/2 _ (1 2 1/2
?)(h)=G(h,)N 3F, +O(€ )a h'_(3(2+F0)) iO(E )a (349)
(—=2v/h/Fy+1+2/Fy) + O(e),
\ (3(2+ Fp))? + O(e"/?) < h < (3(2 + F0))?,
( 2+ F) 3/2+F)\’
bt G e _§< 3 ) +06),
0<h<(32+F))?*-0(?),
E(h) =F(h) ~ 4 O(Y?),  h=( 2+ R))?+0(?), (3.50)
s [ n MAE 0 - ] 0,
(3(2+ Fo))® + O(eY?) < h < (3(2 + Fp))?,

where i = (h — (3(2+ Fp))?)e~ /2 and h satisfies the equation

on 3;‘ — 0 (3.51)

5?+/\1(h)5_ ,

with A;(h) as given by (3.48). The A;(h), v(h) and £(h) are illustrated in figure 4.
As can be seen from the graphs, the characteristics wavespeed is always negative.
There is a transition region around h ~ (3(2 + Fp))?, after which the bedform has
diminished in size from O(1) to O(£) and, as expected A;(h) has increased to become

o(1).
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On simple waves and weak shock theory 3009
In Fy > 1+ O(g/?):
(-2
’f?—ih?? +0(e%), 0<h< -0,
1/2 _3}1 9’1_112 4 1/2
A1(h) ~ 6—~{ +< + ) ] + O(e) h=F? £ 0('?)
) - 0 )
2 Lapy®  \app®  EY3
3(1/F2® — \/h/Fy) + O(e), FP+0EY?) < h < R,
(3.52)
1/h+0(e), 0<h< FY?—0('/?),
v(h) = G(h) ~ $ Fy %%+ O(1/?), h=F%+0(?),
(=2v/h/Fo +3F; ) + O(e), F3® +0("/?) < h < 2F33,
(3.53)
(h+F2/2h% —1 - 1F2) +0(e), 0<h< F*—0(/?),
ER)=F(h)~ S BFP—LF2—1)+0(V2), h=F'>+0(?),
CF® — LF2 —1) +0(e), F®+0(e?) < h < 4F;P°,
(3.54)

with b = (h — F2/*)e=1/2 and h satisfying (3.51), where A;(h) is as given in (3.52).
Figure 4 illustrates A;(h), v(h) and &(h) for the region Fyy > 1+0(g!/?). The bedform
disturbance produced is always O(1), and Ai(h) is, as expected, always negative.
Also the forms of A;(h), v(h) and &£(h) given by (3.48)—(3.50) and (3.52)—(3.54) are
continuous across Fy = 1. Therefore, we have the following.

In Fy = 1+ O(/?):

—2e/(1 = h3) + O(e?), 0<h<1-0(Y?),
A1(h) ~ 561/2[_%ﬁ+ (E—:fz? + Y2 4+ 0(e), h=1+0(?), (3.55)
3(1—v/h)+O(e), 1+0(V?) <h<?,
1/h+ O(e), 0<h<1-—0(Y?),
v(h) =G(h) ~ ¢ 1—1e2h+ O(e), h=1£0("/?), (3.56)

(=2y/h+3)+0(), 1+0(V?) <h<§,

(h+1/2h? - 2) + O(e), 0<h<1-0(?),
£(h) = F(h) ~$ O(eV/?), h=1=+0('/?),
2e(2(vh — 1) —log|1 — v/h|) + O(e?), 1+O0(e"?) < h < §,
(3.57)

where h = (h — 1)e~1/2.
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(@)
(B 24 Fo\? 2+ Fo\?
4 5 &
T T T ; h
2¢ ' l | '
Iz — 1|
L 5
‘E 2 ———————————————————————————————

Figure 4. (a) Graph of A1(h), v(h), £(h) when Fy < 1 — O(e*/?).

As noted earlier, we observe that the bedform associated with the ss-simple wave
is only an O(e) disturbance, under all conditions. However, under appropriate condi-
tions, both of the sy- and s;-simple waves may propagate O(1) bedform disturbances.
We now examine these in more detail, beginning with the construction of the three
expansion wave solutions.

4. Expansion waves

The expansion wave solutions associated with the hyperbolic system (2.15)—(2.17)
are those simple wave solutions to (2.15)—(2.17) which remain continuous for all
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b
n(h) . @
2/3
0 1 FB 150
2¢ . - h
- — [ —————— 1 1 ' :
123 ' ! . '
! CCHE
e : :
'
i
_ g ol R :
v(h)
k-
1
i
F0—2/3 ,__:,_
'
0
£(h)
3 g _FS _
310 2

0(61/2)

Figure 4. (b) Graph of A1 (h), v(h), £(h) when Fo > 1+ O(e'/?) for s;-simple wave.

t > 0, and satisfy the initial conditions,

H, z<0,
h(z,0) = = ho(z),
1, x>0,
g (4.1)
v(z,0) = G(ho(z)), —00 < T < 00,
£(z,0) = F(ho(2)),
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with F(-), G(-) as defined in §3, and H > 0 being the depth at the rear of the
expansion wave. In general there will be three distinct expansion waves associated
with each of the s;1-, s2-, s3-simple wave families.

An expansion wave in the s;-simple wave family is a solution of equations,

Oh Oh

- = — 2

8t+)\(h)8ac 0, o<z <oo, t>0, (4.2a)
v=G(h), &= F(h), (4.2b)

subject to initial conditions (4.1). For the solution to remain continuous, we require,
from (4.2a), that

Xi(H) < X\i(1). (4.3)
The corresponding expansion wave then has the similarity form,
1, x = A\(1)e,
h(z,t) = x(z/t), M(H)t <z < N(1)t, (4.4)
H, x < N(H)E,

where x(-) is the inverse function of \;(h) for m < h < M, with m = min(1, H) and
M =max(1,H).

We can now give the details of the expansion wave solutions ey, e; and e3 associated
with the simple wave families s1, s and s3 respectively.

(a) The es-expansion wave solution
Along the A3-characteristic, we have via (3.28) and (3.31) that
Oh 3vh oh
w2

ot Fy, Fy)ox

at leading order as ¢ — 0, uniformly in A > 0. Since A3(h) is a monotone increasing
function of h (see figure 2), we then require H < 1 for an expansion wave solution
to exist, via (4.3). In addition we also require, for admissibility that

H>1H"(2 - Fp)(2 - Fp)>.

(4.5)

Therefore, an expansion wave exists for each H in the range,
H'(2-FR)2-K)?< H<1, (4.6)
after which its details are obtained from (3.28) and (4.4) as

1, x> (1+1/Fy)t,
he(,t) ~ %(2 FO+( )) (1 ‘WH 2O>t\x <1+;0>
H, <1+ 3\/H/Fo —2/Fy)t.

(4.7)
as € — 0 uniformly in H, Fp.
After substitution of (4.7) into (3.29) and (3.30), we find that the es-expansion
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wave solution is given by (4.7) and

( 4e 3VH -2+ F,
3R, ( (2 — Fo)log T Rtl +2(1_\/H)),
3VH 2
< - = )
x (1—1— A Fo)t
de (x/t)Fy
elz,t) ~ — 4.8
€e(2,1) IE ( (2 — Fy)log o +2(1+ Fy — (z/t)Fy) |, (4.8)
3VH 2 1
1+ ———-=)t<z< 1+ )¢,
( + r Fo) T ( —|—F0)t
\ 0, z > (1+1/Fy)t,
2v/H 3\/H 2
_ 2 < =
1 F0+ F , TK ( Fo)t’
1 3\/H 1
VelZ,t) ~ i t<z< 1+ = 4.9
@O~ 5 gat ( FO) e<(1eg)n @9
1, (1+1/F0)

The free surface (given by 1 = h — ) and bedform profiles are given in figure 5,
along with a graph of the fluid velocity. As can be seen from the graphs, whereas
—£. is monotone increasing with x, the free surface is monotone decreasing. The
bedform never attains an O(1) structure, always being of O(e), and as expected,
the es-expansion wave solution does not play a significant role in bedform evolution.
From the graph of the fluid velocity (related to the sediment flux via (2.13)), we also
observe that there is a reduction in the upstream transport of bedload sediment for
this expansion wave solution.

(b) The ey-expansion wave solution
For the ej-expansion wave, the form of A\y(h) suggests that we consider the cases
Fy < 1—0(/?) and Fy > 1+ O(e'/?) separately. However, since the sy-simple
wave family is continuous across Fy ~ 1, the expansion wave solution will also be
continuous across this region, and the case Fy = 1+ O(e'/?) follows directly.

(i) In Fy < 1—0('/?)
Along the \,-characteristic we have, via (3.38) and (3.41), that

\
%+3< Fy8 - ¢h)(,j . 0<h< FX3—0(V?),

oh

-4/37 7 - Oh
a7 T3 8 E R (§FCRE 4+ ARy o

=0, (4.10)
h=F" +£0(?),

Oh 2¢ Oh 2/3 1
=~ F /2
5t FI_R oz h>E7+06ET),

at leading order as ¢ — 0, uniformly in h > 0. Since A\y(h) is a monotone decreasing
function of h (see figure 3a), we then require H > 1 for an expansion wave solution
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Figure 5. (a) The es-expansion wave profiles. (b) The corresponding fluid velocity profile.

to exist, via (4.3), while admissibility requires only that H > 0. Thus, in this case,
an expansion wave exists for each H in the range,

H>1. (4.11)

To obtain the details of the expansion wave, we first note that in this case h = 1
lies in the region h > Fy'® + O(¢1/2) as does h = H, via (4.11). Hence we have from
(3.38) that

Aa(1) ~ (1_275% >0,  No(H)~ (—1{3,—2_8%7) >0. (4.12)
Therefore, using (3.42) and (4.4), we arrive at
( 2
1, T = I_—IELFOZ’
he(z,t) ~ < (FO2 -+ %)1/3, HTQ_S}}—(? <z< 13% (4.13)
2
H, T < HTi—t?O?

as € — 0 uniformly in H, Fj.
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On simple waves and weak shock theory 3015

On substitution of (4.13) 1nt() the appropriate forms for the fluid velocity and
bedform in the domain h > FO ® £ 0(e/?), given in (3.39)—(3.40), we obtain the
remaining details for the es-expansion wave as

( F? F? 2et
H+ -0 120 < —
HPTE 2 SRy
2t ~*/? 2et 2et
elx,t) ~ 4.14
SC 2at - 2¢et ( )
HS—F2 " S1-FY
2et
0, —,
\ $<1—F02
(1 2¢t
ik PSR
2et 1/3 2¢et 2¢et
ve(x,t) ~ F? 4= , e < < — 4.15
(z,1) (+m> e << o (4.15)
2¢et
1 >
[ ISR

It should be noted that in this case there is a constant fluid flux, Q. = h.v., through-
out the expansion wave. The free surface, bedform and velocity profiles are given in
figure 6. Again, it can be seen that there is a reduction in the upstream sediment flux
and the bedform structure is of O(1) throughout. A significant bedform disturbance
is carried in this expansion wave.

(i) In Fy > 14 O(e'/?)
Along the A;-characteristic we have, via (3.41) and (3.42), that

h 2 - 3/h\ h X , e .
6t + (1+_F() ) (%, O0<h< (5(2+F0)) 0(5 ),
0 A 1/2
CUI SR 4 oyRy) Oh
ot 2 2F(2 + Fy) AF2(2+ Fo)? ' 3F3 0 o | _ .
h=(52+ F))? £ 0(e'?),
oh 202+ F)° Ok . , s
ot " 2+ Ry - @hplae 7 GETR)TEOED,
(4.16)

with b = (h — (3(2 + F))?)e~V/2, at leading order as ¢ — 0, uniformly in & > 0.
Again \y(h) is a monotone decreasing function of h (see figure 3b), and we require
H > 1 for an expansion wave solution to exist, via (4.3), while admissibility requires
only that H > 0. In this case we again have that an expansion wave exists for each

H>1. (4.17)

To obtain the details of the expansion waves, we first observe that in this case h =1
lies in the interval 0 < h < (%(2 + F))? — O(¢'/?). Hence, from (3.42), we have

Ao(1) ~ 1= 1/Fy. (4.18)
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Figure 6. Fy < 1 — O(e'/?). (a) The ez-expansion wave profiles. (b) The corresponding fluid
velocity profile.

In addition, at h = H, we find that

1+ (2 - 3yH)/Fp, 1< H< (52 + F))? - 0(2),

Ao(H) ~ < O(e?), H=(32+ F))? +0(/?), (4.19)
26(2 + F0)6
FR((OH)? — (2 + Fo)®)’
via (3.42). Clearly the structure of the expansion wave depends upon whether H <
(3(2+ F))? = O(e'/?) or H > (3(2+ Fy))? + O(e'/?).
We consider first the case when 1 < H < (3(2 + Fp))? — O(¢!/?). On using (3.42)
and (4.4) we obtain the expansion wave as

H > (3(2+ F))? + 0('/?),

he(z,t) ~ { L2+ F — (z/t)Fy)?, (14 (2—3vH)/Fo)t <z < (1—1/Fy)t, (4.20)
1, > (1 - 1/F0)t,
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On simple waves and weak shock theory 3017
( —4e 3\/H —-2- F()
— <2+ F)log | ———rr— —
r {2+ Ftog | A2 R0 6 -y,
< (14 (2-3VH)/Fo)t,

—4e (x/t)Fy x
elr,t) ~ < =1 (2 At - d 4.21
£e(m, 1) oF {( + Fp) log o1 +2(1 F0+tF0) , (4.21)

(1+(2=3VH)/Fo)t <z <(1—1/F)t,
07 x?(l_l/FO)ta

1+ (2 —2y/H)/Fy, z<(1+(2—3VH)/Fo)t,

1 2 2 2-3/H 1

ve(w,t) ~{ S (14 = 42 1+ Y2 Vig<eg(1- = (4.22)
3(+F0+t>’<+ B <e< (1=t
L,

\
From the above, it can be seen that the wave never carries an O(1) bedform. However,
it should be noted that there is still a reduction in upstream sediment transport, g,
and there is also a decrease in the fluid flux. The 7, —€ and v profiles are illustrated
in figure 7.

We now consider the situation when H > (3(2+4 Fy))? + O(e'/?). In this case, via
(3.42), there are three distinct regions in the structure of the expansion wave.

For 1 < h < (3(2+ Fy))? — O(¢*/?), the propagation speed is O(1). However, this
drops to O(¢'/?) when

2+ FR)?-0EV?) <h< (22+ F))? +0(e?)

and finally the propagation speed becomes O(e) when (3(2+ Fy))? + O(¢'/?) < h <
H. It is convenient to define transition points associated with the above structure
changes in the expansion wave. We denote these by x = x5 (t) and = = x%(t), where
r7 g(t) are defined implicitly by
hel@it) = (F2+ R +Y%, R t) = (32 + Fy))? — 2,
On using (3.42), we obtain estimates as
2(2 + F0)6 1/2
C ~N—_—— t C t ~ o
z5(t) A Oy o s vy o

We can now use (3.42) and (4.4) to construct the expansion wave as

e/, (4.23)

H, T < )\z(H)t,
/3
2+ Fp)® {2 + (z/O)F3}]’
H)t <z <75,
(27Fo)a )t » M(H)t Sz <o)
he(@ )~ o), r5 <7 < o, (4.24)

(24 Fy — (z/t)Fy)?, rh <z < A (1)t

1, Tz >\2(1)t,

\
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Me (@)

} o

() “e

(1+%—3f)t (1~—1—)t

Figure 7. Fo > 1+ O(e¥/?), H < (3(2+4 Fp))? - O(?). (a) The es-expansion wave profiles.
(b) The corresponding fluid velocity profile.

(2 + Fo)%(2 + (z/t)F2)1"°
(27Fy)2x/t ]
(2 4 Fp)S((x/t)F2)Y/3 3/2+F)\2
18((2 + Fp)[2¢ + (z/t)F2))1/3 2 ( 3 ) ’

)\z(H)t <z < 1‘%,

€.(z,) ~ (4.25)

O(g/?), r§ <z < %,

(z/t)Fo
1

—4e
— {(2 + Fo)log‘ 2

9Fy

2(1—F0+§F0)},

xh < x < A1),

0, T = )\2(1)t,

\

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

/,//’ \\
o \
( 2\

J (

Py

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

N\\

A

a

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

On simple waves and weak shock theory 3019
(24 Fp)?
A <
2R H T < Aa(H)E,
2+ F)® (2TF2)2z/t 13
H)t <z <27,
3R 2T Fo)o{2e 1 (wjpEry| ¢ eUDtsesal
Ve(z,t) ~ (4.26)
o(1), Tf S T < Th,
(14 2/Fy + 2z/t), 74 <7 < A(1)t,
1, x = A(1)t,
where
—2¢(2+ Fp)®
Ao(H) = 24 Fo)

FE[(2+ Fo)® — (9H)?
and A\y(1) = (1 — 1//F,), with 2§ and z§ as given by (4.23). The case when H ~
(3(2+ Fy))? £0(e"/?) can be treated in a similar manner. No new features arise and
so the details are not pursued here.

We observe that there is still a decrease in fluid flux and reduction in upstream
sediment transport. With H > (3(2 + Fy))? + O(¢'/?), an O(1) bedform is present,
while for 1 < H < (3(2+ Fy))* — O(e'/?), the bedform is uniformly of O(e). The
profiles for 1, —€ and v are given in figure 8.

(¢) The ey-expansion wave solution

As in the previous section, we shall consider the solution for the e;-expansion
wave in both the regions 0 < Fy < 1 — O(e'/?) and Fy > 1+ O(e'/?) due to the
complicated structure of the s;-simple wave family. Again, since the s;-simple wave
family is continuous across Fy ~ 1, it follows that the e;-expansion wave solution
will also be continuous across this region, and the region Fy ~ 1 + O(e'/?) need not
be considered independently.

(i) Fo <1—0('?)
Along the \;-characteristic we have, via (3.48) and (3.51), that

oh 2¢(2 + Fp)® oh L s \
8t FZ[(2+ Fo)® — (9h)%] 8z 0<h<(3(2+F))? -0,

R . 1/2
‘9_h+ﬁ —9h + 817 + 1 (2+ Fyp) / on
ot 2 ) 2F(2+F) 4F3(2+ Fy)?  3F§ ’ Oz’

h=(5(2+ Fp))* £ O("?),

oh 2—-3vh\ oh 1 2 1/2 1 2
8t+<1+ = >8a:’ (L2 + )+ O("2) < h < (32 + Fy))?,

/

(4.27)
to leading order as ¢ — 0, uniformly in h > 0, with h = [h — 1(2 + Fy)?]e~'/2. Since
A1(h) is a monotone decreasing function of h (see figure 4a), we then require H > 1
for an expansion wave solution to exist, via (4.3), while admissibility requires that
H< i(2+F0)2. Thus, in this case, an expansion wave exists for each H in the range,

1< H<(22+ F))” (4.28)
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(@)

e

—& Ao(H)t

Figure 8. Fy > 14 O(/?), H > (3(24 Fo))?> 4+ O(¢'/?). (a) The es-expansion wave profiles.
(b) The corresponding fluid velocity profile.

To obtain details of the expansion wave, we first note that in this case h = 1 lies in
the region h > $(2 + Fy)? + O(e'/?), as does h = H, via (4.28). Therefore we have
from (3.48) that

1 2-3vH
M(1)~1-—= <0, Al(H)~1+——\/—<O. (4.29)
Fy Fo
Therefore, using (3.52) and (4.4), we arrive at
H, z < (1 + w>t’
Fy
1 z \° 2—3H 1
he(z,t) ~ ¢ =(2 -z I Sl | - = 4.30
(z,t) 9( + Fy tFO), <1+ o) >t z <1 F0>t, (4.30)
1
1 >(1- =),
’ v < F0>

as € — 0 uniformly in H, F,. On substitution of (4.30) into the appropriate forms
for the fluid velocity and bedform in the domain h > $(2 + Fy)? + O(¢'/?), given in

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

A
A

r

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

4 Y
\
) \

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

On simple waves and weak shock theory 3021

(3.49) and (3.50), we obtain the remaining details of the e;-expansion wave as

( ;—;j {(2+Fo)log 3\/—}{}% +6(1 — \/H)},
z < (1+(2-3VH)/Fy)t,
ge(wa t) ~ b_—;f‘ {(2 + Fo) IOg (;!?F]-O + 2(1 - FO + (iE/t)Fo)} s (431)

(1+@2-3/H)/F)t<z<(1-1/Fy)t,
0, z>(1-1/R)t,

1+ (2—2VH)/Fy, =<1+ (2-3VH)/Fy)t,
ve(x, ) ~ %(H%ﬁ%’), (H%)Km (1—%0>t, (4.32)

1, x> (1-1/Fp).

\

We note the similarity in the profiles with those associated with the e;-expansion
wave as given in figure 7a. It is clear in this case that the bedform is always of O(e),
and this solution is insignificant in sediment transport problems. However, note that
a reduction in the upstream sediment flux is again required in this expansion wave.

(i) Fo > 1+ 0(e/?)
Along the Ai-characteristic we now have, from (3.51) and (3.52) that

oh 2¢ Oh

o R -Wor 0<h< BT -0,
oh _a/33 _8/37 _ oh
o+ Lel/2( S p43h 4 (9F, 5P R? + 4Fy 8/3)1/2}”&;’
=0 (4.33)
h=F% £ 0(/?),
oh _ oh
5 T3 23 _ Vh/Fo) 5, P +0E) <h< K, |

at leading order as ¢ — 0, uniformly in b > 0, with h = (h — Fy/*)e=1/2. As before,
A1(h) is a monotone decreasing function of h (see figure 4b) and we require H > 1
for an expansion wave solution to exist, via (4.3), while admissibility requires that
H< %FOQ /3 The condition for the existence of an expansion wave, in this case, is
thus

1< H< 3", (4.34)

To obtain the details of the expansion wave, we first observe that, in this case, h = 1
lies in the interval 0 < h < F2/® — O(!/2). Hence, from (3.52) we have

—2¢

A1) ~ F2—1

(4.35)
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3022 D. D. L. Zanré and D. J. Needham
while, at h = H, we find that
—2/(F¢ — H?), 0<H<F/">—0(?),
M(H) ~ 4 OV, H=F" £0(Y?, (4.36)
3(Fy Y — VHIFy), Fy® +0(Y2) < H < 2FY?,

via (3.52). It is clear from (4.36) that the structure of the expansion wave depends
upon whether H < F3/* — O('/2), or H > F2/* + O(e/?).

We begin with the case when 1 < H < F2/? — O(¢'/2). On using (3.52) and (4.4)
we obtain the expansion wave as
( —2¢t
H, z < F2 e
he(z,t) ~ F? + 2et) —2et ¢ 2 (4.37)
o 0T g CFR-H} U RE-T
—2¢t
1 b
{ 9 x = F02 _ 1,
( F? 2¢t
H+ ——1- 1F2 S 9
*ome o TSR
2et\ P /3F2 2t 2+ F? 2et\ */?
(r2+ %) (2 ) (2,
§e(x’t) ~
25t <z 2et
H3 —F2 7 S 1-F2
2¢et
07 x = 1 _ F027
1 2et
I T X )
H H?3 — F?
2t ~/? 2¢et 2et
Ve l‘,t ~ F2 —— 4 x 3
@9 0+x> W - STSICR
2¢et
1 > .
[ Y1 R

We observe that in this case the expansion wave carries an O(1) bedform structure,
and again requires a reduction in the upstream sediment transport rate.

We now consider the situation when H > F2/® + O(¢'/2). In this case, via (3.52),
there are three distinct regions in the structure of the expansion wave. For

1<h< F” -0,
the propagation speed is O(e). This increases to O(g!/?) when
F® —0(eY%) < h < FY® + 0(4/?)

and finally the propagation speed becomes O(1) when F2/* + O(EY?)<h<H. It
is convenient to define transition points associated with the above structure changes
in the expansion wave. We denote these by z§(¢) and x%(t), which are implicitly
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On simple waves and weak shock theory 3023

defined by
he(2§,t) = F23 42 h(aS,t) = F2/3 — el/2,
On using (3.52), we obtain estimates as
2§ ~ (=3V2F N, ay ~ (—26Y2 /3Rt (4.38)

Finally, the solution for the e;-expansion wave, in this case is

4

H, T < )\1(H)t,
LBF, — (z/t)Fp)?, M(H)t <z < a8,

he(z,t) ~ { O(1), 25 <z < xh, (4.39)
(F2 + 2¢et/x)'/3, % <z < A (D),
L 1, T = /\1(1)t,
Spald 12 -1, x < M (H),
Spald —1R2 -1, M (H)t <z < as,
SRR -1, z§ <z < 2§,
Eo(a, 1) ~ < ( o 25t)_2/3 {31?3 2et (4.40)
2 = =04 =
T 2 x
24 Fp\° 2et ) >/
2 T
L O, Tz /\1(1)t,
3F, % — 2 /H/ Ry, x < A (H)t,

3F0_2/3 - %(3F0_2/3 —z/t), M(H)t <z <2,

ve(z,t) ~ ¢ O(1), 2¢ <o < 2, (4.41)
(F§ + 2t /z)~/3, 2 <z < (1)t
1, X 2 /\1(1)t,

\

with A (H) ~ 3(Fy*® — VH/Fy), M(1) ~ —2¢/(F2 — 1) and 2% and 25 given
by (4.38). The distributions of the free surface, bedform and velocity are given in
figure 9. As before, we notice the upstream reduction in the sediment transport
rate. We can also see that there is an O(1) bedform structure, suggesting that this
would be the dominant expansion wave solution in F > 1 + O(¢/2). We note that
H = F2® £ 0('/?) is a reduced version of this final case.

We observe from the three expansion wave solutions, e;, ¢ = 1,2, 3, that the e3-
expansion wave, (4.7)-(4.9), never attains an O(1) bedform, and so is never a signif-
icant solution for sediment transport problems. When Fy < 1, we can see that the
dominant role in bedform evolution of a significant order is played by the e;-expansion
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Figure 9. Fy > 14 O(¢/?), H > 17‘02/3 + O(£'/?). (a) The ej-expansion wave profiles. (b) The
corresponding fluid velocity profile.

wave solution. When Fj > 1, the e;-expansion wave solution will dominate the bed-
form evolution. Also, we observe that in all cases there is a reduction in upstream
sediment transport rate, associated with an expansion wave solution. It should be
noted that

an ej-expansion wave solution exists provided H > 1, Fy > 0,

an ep-expansion wave solution exists provided H > 1, Fy > 0,

an eg-expansion wave solution exists provided 0 < H < 1, Fy > 0,

which are the regions complementary to those established for the C;-shock wave
families, i = 1,2, 3, by Zanré & Needham (1994), and is consistent with the theory
that a shock wave and expansion wave solution determined from the same \;(u)
characteristics (¢ = 1,2, 3), given by (2.20)—(2.22), cannot exist in the same regions
of the (H, Fy)-plane.

(d) The sediment expansion wave

As shown in Needham & Hey (1991) the increase of sediment transport rate up-
stream of an otherwise uniform alluvial river flow leads to the generation of a down-
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On simple waves and weak shock theory 3025

1/9 —\

0 Fo

Figure 10. The (qu, Fo) plane. The shaded region represents parameter values where
downstream sediment expansion wave propagation occurs.

stream, slowly propagating step in bedform, referred to as a sediment bore. This
was found to be associated with a Cy-shock wave propagation, Needham & Hey
(1991). Observations show that the decrease of upstream sediment transport rate in
an otherwise uniform alluvial river flow leads to the downstream, slow propagation
of an expanding step in bedform. This can be associated with es-expansion wave
propagation, and we refer to this as a sediment expansion wave.

With the upstream sediment transport rate being ¢, = v2 < 1 (v, is the upstream
fluid velocity) we now examine §4 b to decide under which conditions the downstream
propagation of a sediment expansion wave may occur. From §4 b we readily find that
when Fp < 1 a sediment expansion wave will propagate downstream for any ¢, < 1.
However, for Fy > 1, a sediment expansion wave is generated only if the reduction
in ¢ is sufficiently large, namely when

2+ 1,\?
w < <1.
K < 3Fy >
For small reductions with (2 + F,)?/9F? < ¢, < 1, the sediment expansion wave

is ‘washed-out’. An illustration of the accessible regions for downstream sediment
expansion wave propagation is given in the (qy, Fy)-plane in figure 10.

5. General simple waves

In this section we consider more general structures which can propagate in the
system as either s;-, so- or s3-simple waves, as derived in § 3. However, it is instructive
first to note that simple waves generated from a broader class of initial data than
that associated with the expansion wave families of §4, will not always be global
solutions of the partial differential equations (2.15)—(2.17). In general, finite-time
blow-up will occur in |u,| and |u;|. Solutions can be continued beyond this point by
the insertion of suitable shock waves as described in Needham & Hey (1991).

First we consider global simple waves associated with monotone bedforms, after
which we consider simple waves associated with hump and depression bedforms. From
(3.31), (3.41) and (3.51), we observe that the s;-simple wave families (¢ = 1,2, 3) all

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

A
A

r

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

4 Y
\
) \

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

3026 D. D. L. Zanré and D. J. Needham

satisfy the hyperbolic conservation law
oh oh
- . — = ) — 1 2 . 5.1
at—i—)\z(h)ax 0, 7 ,2,3 (5.1)

Following Whitham (1974), we consider the curve, C, in the (z,t)-plane which sat-

isfies
dx

TN, =123 (5.2)
From (5.1) and (5.2) we deduce that
dh -

on C, from which we observe that A remains constant along the curve C. Therefore,
from (5.2), since the quantities, A\;(h), ¢ = 1,2,3 are now constant, C' must be a
family of straight line curves in the (z,t)-plane with slope X;(h), ¢ = 1,2,3. If at
t = 0 one of the lines satisfies x = ¢, then h = ho(¢) along that curve, which has a
slope of

Aitho(€)) = 10(¢),  i=1,2,3. (5.4)
The equation of the curve is then
x =+ (), 1=1,2,3, (5.5)
and allowing ¢ to vary, we obtain the solution, with h = ho(z) at t = 0, as
h=he((), on z=(+ L0, (5.6)

for ¢ = 1,2,3. This solution holds provided the relation x = ¢ + I';({)t remains as
a single-valued relation between x and (. For times beyond which this no longer
holds, then h becomes multiple valued. We note that, if A;(h) > 0, higher values of h
propagate faster than lower values, while if X;(h) < 0, higher values of h propagate
slower than lower values.

When h becomes multivalued, (5.6) no longer provides a solution of (2.15)—(2.17).
However, up to that point (5.6) does provide a solution. We, then, need to determine
the breaking time, tg, where two neighbouring characteristics first intersect. This
occurs for two characteristic curves cutting the z-axis at x = ( and x = ( +d(¢, when

Li(QOt + ¢ = Ii(¢+dO)t + ¢+ d¢
from (5.6). Therefore, by rearranging and allowing d{ to approach 0, we find that
S Y ) (5.7)
(<) (dAi/dh)hg(C)

Breaking occurs at ¢t = tp, when characteristic intersection first arises, so that

t5! = {—I/(Oma; —00 < (<00} (5.8)

fori=1,2,3.

Using the above method of characteristics, we now proceed to analyse steps, humps
and depressions, after a brief qualitative discussion of these situations. In all the
following cases, the initial downstream conditions are the uniform flow conditions,
namely

h=1, €=0, gq=1 (5.9)
Phil. Trans. R. Soc. Lond. A (1996)
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y
h>1
7(z,t) N A2~ O(e)
0 z h=1
g<1
9=1
&(x,1)
J o
—£>0

Figure 11. The bedform and flow depth configuration for the sz-simple wave with step down
initial data in Fo < 1 — O(g'/?).

Since we are only interested in O(1) bedform development, we must consider the
cases when Fy < 1 and Fy > 1 separately, where significant bedforms are carried by
the A\p(h)- and \;(h)-characteristic wavespeeds, respectively.

(a) Monotone bedforms when Fy < 1

In this case we need the s,-simple wave properties, (3.38)—(3.41), when Fy < 1,
in order to generate an O(1) monotone bedform disturbance. We consider both the
cases of a step down and a step up in bedform.

(i) Step down in bedform

From figure 3a we observe that as the initial bedform steps down, with £ becoming
increasingly positive, h also increases from unity, and so the characteristic wavespeed,
Aa(h), is O(e) and is monotone decreasing with larger h. The initial situation is as
illustrated in figure 11. It is readily seen that, as time progresses, an expansion wave
develops propagating in the downstream direction, and associated with it the usual
decrease in upstream sediment flux.

If we examine this situation using the initial condition for the flow depth as

{ H, z <0,
ho(z) = ¢ H — (H—1)2?, 0<z <1, (5.10)
l 1, z>1,

with H > 1, then we find from (3.41) and (5.2)—(5.6), that the solution for h is global
and is given by

H, ¢ <0,
h=h()=4 H—(H-1)¢% 0<(<1, (5.11)
L, ¢=21,
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h=1
bl /é_, Az ~ O(c)
q> 1 n(zvt) q= 1
0 T
Leen
—£>0
£=0

Figure 12. The bedform and flow depth configuration for the sp-simple wave with step up
initial data in Fo < 1 — O(¢'/?).

—2¢
}-,?_—Hy (<0,
-2
M) =1~ e e 0S¢<h (512)
—2¢
@? C> 1?

on z = ¢+ I3(¢)t. It is easily established that A5(h) < 0, which results in a decrease
in propagation speed with increase in h giving an expansion wave structure. The
associated bedform ¢ can be obtained from (3.40) via (5.11).

(it) Step up in bedform

In this situation, from figure 3a, we see that as initially £ becomes increasingly
negative, resulting in a step up in bedform, there is a decrease in the flow depth.
Since h < 1, the depth height can fall into any of the three regions of validity for
X2(h), and the characteristic wavespeed may not necessarily be O(e) for all h. If
h does not decrease from unity to the extent that it no longer lies in the region
h > F2'® 4 O(¢'/2), then Ay(h) is uniformly O(¢), and increases monotonically with
decreasing h. Therefore, from figure 12, we can see that in increasing time, the profile
will eventually fold and a shock wave, propagating downstream with speed O(e), is
formed in a timescale ¢t = O(¢~!). However, we note that if the flow depth decreases
greatly from unity, then h will be in the region 0 < h < Fi/* — O(e'/?), and the
characteristic wavespeed Az(h) is now O(1) at the tail of the wave. This leads to a
shock occurring in an O(1) timescale at the tail, propagating with an O(1) speed
initially. This decelerates to a speed of O(g) over a timescale of O(¢~') and the
previous situation is recovered in the long time evolution. In either case, for a step
up in bedform, there is always an increase in the upstream sediment transport rate,
and the waves propagate in the downstream direction, eventually requiring a shock,
and thus generating a sediment bore.

For analysis, we only consider the case with h > Fi/> + O(¢'/2). Therefore, from
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(3.41) and (5.2)—(5.6), we find that if initially h satisfies the condition

H, z< -1,
ho(z) =4q 1— (1 - H)2?, -1<z<0, (5.13)
1, 20,

with F2/® 4 O(e/2) < H < 1, then the solution for h, until the breaking time where
the shock wave begins, is given by the family

H7 ( < _1,
h=h(¢)=14 1-(1-H)? —-1<(<0, (5.14)
1, ¢ >0,
—2e
FE_ S ¢< -1,
—2
Aa(h(Q)) = Ia() ~ _Fg_[l_(f_ meEp <00, (5.15)
—2e
| -1 <=0

on z = ¢ + I»(¢)t. It is readily established that a shock is formed since Ay(h) < 0,
which implies that higher values of h propagate slower than lower values. Therefore,
it is necessary to find the breaking time. However, if we attempt to determine tg
from (5.8), we have to solve a polynomial of degree 10 in ¢, and so we look for an
upper bound on tg, by finding a bound on I'j({)max. We know that

07 ( < _]-7
o ) 1260 = MG - (1 — G
B~ T -a-merp

0, ¢=0,

, —1<¢<0, (5.16)

is zero when ((1 — (1 — H)¢?)? = 0. It is readily seen that I';({) < 0 between
—1 < ¢ < 0 and non-negative between 0 < ¢ < 1. Hence the wave has to break in
¢ > —1, and we find that

[F§ — H°]?

< L —,
0<te 12¢(1 — H)H? (

5.17)
which is O(1/¢) as anticipated.

Thus we have seen that both step up and step down bedforms, when Fy < 1,
develop on the s,-simple wave. In the step down case, a sediment expansion wave is
generated in the long-time which propagates downstream with an O(e) propagation
speed. However, in the step up case, the formation of a sediment bore occurs over a
timescale of O(¢~1), propagating downstream with speed of O(e).
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h=1
h<l A,~O(c)<—; q=1
0 xr

é(z.1) / =0

Figure 13. The bedform and flow depth configuration for the s;-simple wave with step down
initial data in Fy > 1+ O(e!/?).

—£<0

(b) Monotone bedforms when Fy > 1

When Fy > 1, the s;-simple wave carries an O(1) step in bedform. We use the
properties of the si-simple wave family in Fy > 1+ O(¢'/?), as given by (3.52)-
(3.54) in conjunction with (3.51), to examine the evolution of steps both up and
down in bedform. We note that since A;(h) < 0, bedforms in this case will propagate
upstream.

(i) Step down in bedform

From figure 4b we can see that as £ steps down, becoming more positive, h de-
creases. Therefore, upstream h < 1 and \;(h), given by (3.52) in

0<h<F®—0(@Y?),

is always O(e) and monotonically decreasing in magnitude with decreasing h. Hence,
the top part of the wave propagates faster than the lower part, eventually resulting
in a shock wave as shown in figure 13. Due to the negative characteristic wavespeed,
the wave propagates upstream, where there is an increase in the sediment transport
rate. As before, we consider the situation with the initial depth height profile given
by (5.13) with H < 1, then solving (3.51) through (5.2)—(5.6), we find that up to the
breaking time the solution is given by

H’ C< _11
h=n{) = 1-(1-H)?, -1<(<0, (5.18)
1, ¢=0,
—2¢
m‘g, §< 1,
M) = BO ~ Y oy _‘(21‘5_ e ~1<¢<0, (5.19)
—2¢
FE_1 (=0,
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(@)
h>1
n(z,t)
g<1 . . M~ 5(?)&3[ h—1
£(z,1) g=1
—£>0 ﬁ
=0
h>1 (b)
A1 ~ O(e) q h=1
g<1 g=1

—£>0 \

Figure 14. The bedform and flow depth configuration for the si-simple wave with step up
initial data in Fo > 14 O(e¥/?). (a) H < F}/® — 0("/?). (b) H > F2/® + 0(V/?).

£€=0

on z = I (¢)t + ¢. It is easily seen that | (h) < 0, confirming that a shock wave is
formed. In a similar way to that for a step up in bedform when Fj, < 1, we find that
a bound on the breaking time tg is given by (5.17). Thus, in this case, the formation
of an upstream sediment bore occurs in finite ¢, with propagation speed of O(e) and
step height of O(1).

(i) Step up in bedform
In this case, as the bedform steps up, becoming more negative, h increases. Since

upstream h > 1, then provided h remains less than 9F02 /3 /4, the flow depth could in-
crease by a sufficient quantity to enable an O(1) characteristic wavespeed to develop.
As h increases |1 (h)| also increases. If A;(h) is always O(e), then the situation is as
illustrated in figure 14a, and an expansion wave develops, with the expected reduc-
tion in the upstream sediment transport flux. However, if A;(h) becomes O(1), an
O(e) ‘lip’ develops in the bedform, which travels at a faster rate than the part of the
bedform carried by the O(e) characteristic wavespeed, forming an expansion wave
which travels on two timescales, with the upper ‘lip’ part of the bedwave moving at
an (O(1)) speed and lower main part at the O(g) speed. However, the major part of
the bedform propagates with speed O(e), figure 14b.

To continue the analysis, we only consider the case when A;(h) remains O(e).
With initial conditions given by (5.10) with 1 < H < F2/* — O(e!/?), we find from

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

\

\

%A

A

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

I \\
\
) \

/

A
(

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

3032 D. D. L. Zanré and D. J. Needham
(5.2)—(5.6) that the solution is

H’ << 07
h=h(()=4 H—-(H-1)¢% 0<(<1, (5.20)
1, (=21,
-2
ﬁ, ¢ <0,
-2
M) = 1O~ o gropep 0<¢<L (G2
—2¢
W’ (=21,

onz = (+1(¢)t. Here, \| (h) < 0 and an expansion wave develops. Therefore, (5.20)-
(5.21) is the solution for A for all time. Thus, in this case, an upstream propagating
sediment expansion wave develops, propagating with a speed of O(e).

The results of §§5a and 5 b are summarized in table 1.

(¢) Non-monotone bedforms when Fy < 1

As before, to accommodate an O(1) bedform development the characteristic wave-
speed is given by the sp-simple wave family defined in (3.38)—(3.41). In this section
we consider depressions and humps in bedform in a similar manner to the previous
sections on monotone bedforms.

(i) Depression in bedform

The depression in the bedform is equivalent to a step down followed by a step
up in bedform, with both upstream and downstream conditions of uniform flow.
Again, from figure 3a, we observe that as h increases A2 (h) decreases and vice versa,
resulting in an expansion at the front (facing downstream) and eventually a shock
at the back, as illustrated in figure 15a. The time for evolution is of O(¢™!) with the
shock and expansion wave propagating with speed of O(e). The sediment transport
rate decreases upstream from ¢ = 1 to ¢ < 1, followed by an increase back to ¢ = 1,
as is expected, and the system propagates in the downstream direction. Therefore,
in finite time, we anticipate that a dredged section of bedform will be filled by an
advancing sediment bore, preceded by an advancing sediment expansion wave. If we
initially have the flow depth given by

1, r < —1,
ho(z) =q H—(H—-1)2% —-1<z<1, (5.22)
1, z>1,
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Table 1. Summary for steps up and down in bedform, denoted by u and d, respectively, for

Fo<1land Fyp >1

(‘+’ indicates a disturbance past the critical value h = F /%, while ‘—’ indicates no disturbance
past this value. Upstream conditions are to the left and the uniform conditions are downstream.)

Fo ut dt u~ d-
<1
(A2-wave gives Shock develops Situation Shock develops Sediment
O(1) step in on O(1) always as in d”. on O(1/e) expansion wave
bedform, timescale with timescale. This evolves in
propagating amplitude O(g). is a sediment O(1/e)
downstream.) Develops into a bore timescale.

sediment bore
on O(1/e)
timescale with
O(e)
propagation
speed and O(1)
amplitude.
Increase in
sediment flux,
q.

propagating
with O(e) speed
and amplitude
of O(1).
Increase in
sediment flux,

q.

Decrease in
sediment flux,
q.

Fo>1

(A1-wave gives
O(1) step in
bedform,
propagating
upstream.)

Sediment
expansion wave
develops on
O(1) timescale
with amplitude
O(e).
Eventually
develops on
O(1/e)
timescale to
O(e)
propagation
speed and O(1)
amplitude.
Decrease in
sediment flux,

q.

Situation
always as in d™.

Sediment
expansion wave
develops on
O(1/e)
timescale with
O(1) amplitude.
Decrease in
sediment flux,

q.

Shock develops
on O(1/e)
timescale. This
is a sediment
bore
propagating
with O(e) speed
and amplitude
of O(1).
Increase in
sediment flux,

q.
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with H > 1, then the solution of (3.41) from (4.41)—(5.4) is given by

;

1, C< _17

h=h({)=4q H—(H-1)?, -1<(<]1, (5.23)
1, ¢=1,
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1 (@)
h>1 3o~ 06
q=l n
0 T
g<1 q=1
¢
£€=0 v £=0
£ <0
y ®)
A
h=1 h=1
h<1 >
¢=1 " & q=1
0 o qg>1
RN
£E=0 —-£>0 £E=0

Figure 15. The bedform and flow depth configuration for the s2-simple wave in Fy < 1 with (a)
depression and (b) hump initial data.

r FQ;2_€1 + O<€2)7 C < _17
—2
A2(h(C)) = I2(C) ~ R H = (;{ “yep t O(e?), -1<¢<1,  (5.24)
FO;2_81 +0(e?), ¢=-1,

on x = ¢ + I»(¢)t. We find that A,(h) < 0, confirming an expansion wave at the
front and a shock at the back. Therefore, the solution (5.23)~(5.24) is only applicable
until the breaking time, tg. As before, by differentiating (5.24) and noting that the
solution will become multivalued in { < —1, we find that a bound on tg is

0<tg < [F2—1)?/12¢(H —1). (5.25)
Thus we would expect the dredged section to be filled in a time of O(1/e).

(ii) Hump in bedform

This situation can be viewed as a step up in bedform, followed by a step down.
Again, \y(h) increases as h decreases. However, if h decreases past h = FO2 /3 the
characteristic wavespeed becomes O(1). First, if A does not fall below the critical
value, then \; remains O(e) and the bedform is always O(1), with a shock at the
front and an expansion at the back. If h falls below the critical value, then the
O(e) ‘lip’ forms on the riverbed, and the system proceeds on the fast timescale,
O(1), followed by the slower moving part on the timescale O(1/¢). The situation is
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illustrated in figure 15b. In both cases, the sediment transport rate first increases
from unity and then returns to unity. On taking the analysis further, we consider
only the case where \z(h) remains O(g). With the initial condition

1, x < -1,
ho(z) =4 H+(1-H)z?, —-1<z<]1, (5.26)
1, z 21,

with F2/® + O(e!/2) < H < 1, the solution of (3.41), using (5.2)(5.6), gives

17 C < _17
h=h({)=4 H+(1-H)?, -1<(<]1, (5.27)
1, §>1,
—2¢e
Wa C< _1,
—2
A2(h(C)) = I2(¢) ~ yyon (18_ mep "L<O<L (5.28)
—2e
o1 ¢ = -1,

on z = ( + I'(¢)t. Again, it is readily seen that A(h) < 0 yields the anticipated
shock wave at the front and expansion wave at the back, with the breaking time, as
before, occurring within the bounds given in (5.25). Thus, in this case a sediment
bore develops at the head of the hump, with a sediment expansion wave at the rear.

(d) Non-monotone bedforms when Fy > 1

To accommodate O(1) bedforms when Fy > 1, we must use the properties of the
s1-simple family, (3.51)—(3.53). As h increases, we observe from figure 4b that the
magnitude of the characteristic wavespeed also increases.

(i) Depression in bedform

This is equivalent to a step down in bedform, followed by a step up. As can be seen
from figure 16a, there is an expansion at the back (facing upstream) and a shock wave
forms at the front. There is initially an increase in the upstream sediment transport
rate, followed by a decrease and the system propagates in the upstream direction.
The analysis is similar to that for a hump on the riverbed when Fy < 1, where the
initial data is given by (5.26), and the solution is as in (5.27)—(5.28), with \; and
I'i replacing Ay and I, respectively. The bound on the breaking time is given by
(5.25), and again we would expect a dredged section upstream to be filled in a time

0(1/e).
(ii) Hump in bedform
This is similar to a step up in bedform, followed by a step down, but with A > 1,

enabling the characterlstlc wavespeed to become O(1) if h increases past the crltlcal
value of h = F . If the flow depth does not become larger than the critical value
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h=1 M~ O(e) h=1
g=1 n \% g=1
0 z h<l
¢ qg>1

-£<0

~
il

)

o~
I

o

h>1
h=1 @\ b=l
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g=1
¢ /—?>0\
E=0 E=0

Figure 16. The bedform and flow depth configuration for the s;-simple wave in Fy > 1 with (a)
depression and (b) hump initial data.

then the situation is as in figure 16b. There is a shock at the front and an expansion
at the back, with the system propagating upstream. The sediment flux first decreases
and then increases, as expected. If h increases beyond the critical value, then the
situation is similar, but the O(e) ‘lip’ forms on the riverbed profile travelling on the
fast O(1) timescale. The analysis is again continued for the simpler case and, due
to the symmetry of the problem, is found to be similar to that for a depression in
bedform when F, < 1. Thus, using the initial data from (5.22) and solving (3.51) via
(5.2)—(5.6), we find that the solution is the same as that in (5.23)-(5.24), with ),
and I replaced by their respective counterparts in this region. Again the breaking
time, tp, lies within the bounds of (5.25).

A summary of the results for non-monotone bedforms when Fy < 1 and Fy > 1 is
given in table 2.

(e) Sediment transport rate increase and reduction

We use the method of characteristics to determine whether the bedform will de-
velop expansion or shock waves for an increase and reduction in upstream sediment
flux. If a shock wave develops, then we say that the bedform shocks, and if an expan-
sion wave is formed, we say that the bedform expands. The problem can be regarded
as a boundary-value problem, where along ¢t = 0, ¢ = 1 and along z = 0, ¢ > 1 for
an increase in the sediment transport rate, and ¢ < 1 for a reduction. Since the sed-
iment is injected upstream, the resulting bedform can only propagate downstream.
Thus, the problem can only involve either the Ay or A3-characteristic wavespeeds,
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Table 2. Summary for humps and depressions in bedform, denoted by H and D, respectively,
for Fo <1 and Fy > 1

(‘+’ indicates a disturbance past the critical value h = FO2 /3 while ‘—’ indicates no disturbance
past this value. Upstream conditions are to the left and the uniform conditions are downstream,
with the back of the system facing upstream.)

Fy Ht Dt H™ D~
Fy <1

(A2-wave gives Back evolves a See D™. Back evolves as Back develops

O(1) structure in  sediment sediment sediment bore in

bedform, expansion wave expansion wave timescale O(1/¢).

propagating in timescales in time O(1/¢). Front evolves as

downstream.) O(1), O(1/e). Front develops sediment
Front develops shock, which expansion wave
shock in propagates as in timescale
timescales O(1), sediment bore in  O(1/¢). Sediment
O(1/e) and timescale O(1/e). flux, g, decreases
propagates as Sediment flux, ¢, from ¢ =1 to
sediment bore. increases from ¢ <1 and then
Sediment flux, q, g=1ltog>1 increases to
increases from and then qg=1.
g=ltog>1 decreases to
and then qg=1.
decreases to
qg=1.

Fo>1
(A1-wave gives Back develops a See D™. Back develops Back evolves as a

O(1) structure in
bedform,
propagating
upstream.)

sediment bore in
timescales O(1),
O(1/¢). Front
evolves as
sediment
expansion wave
in timescales
0(1), O(1/e).
Sediment flux, g,
decreases from
g=1ltog<1
and then
increases to
q=1.

shock,
propagating as a
sediment bore, in
O(1/¢). Front
evolves as a
sediment
expansion wave
in timescale
O(1/e). Sediment
flux, ¢, decreases
from ¢ =1 to

q < 1 and then
increases to
qg=1.0(1/¢)
timescale with
O(1) amplitude.
Decrease in
sediment flux, q.

sediment
expansion wave
in timescale
O(1/¢). Front
develops a
sediment bore in
timescale O(1/¢).
Sediment flux, g,
increases from
g=1ltog>1
and then
decreases to

=1.

since A\; < 0. If the situation involves Ay, we have to consider the cases when the
Froude number of the uniform flow is either less than or greater than unity.

The Aa-wave. First we consider the case when Fy < 1, where an O(1) bedform
develops. From figure 3a we know that v and Az(h) are both monotone increasing
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(a)
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g<1
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Figure 17. The As-characteristic curves, when Fy < 1, for upstream (a) increase and (b)
decrease in sediment flux.

with decreasing h. Since ¢ = v?, there is an increase in characteristic slope as more
sediment is injected. This results in the intersection of neighbouring characteristics
and a shock wave is formed immediately, as shown in figure 17a. Conversely, when
there is a reduction in the sediment flux, there is a decrease in the slopes of the
characteristic lines, and an expansion wave is formed, as in figure 176. When Fy > 1,
an O(¢) bedform is generated, and from figure 3b we see that, again, v and \y(h) are
monotone increasing with decreasing h. Thus, we have a shock wave for an increase
in sediment flux, and an expansion wave for a decrease, as before. Thus, significant
bedforms only develop when Fy < 1, being a sediment bore for ¢ > 1 and a sediment
expansion wave when ¢ < 1. These are ‘washed-out’ when Fy > 1.

The A\3-wave. From figure 2a, b, we observe that v and A;(h) are both monotone
increasing with increasing h, and the bedform always remains O(e). Hence, if more
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Table 3. Summary of sediment injection and reduction upstream in an otherwise uniform
alluvial river flow
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Aa-wave

Fo<1

Az-wave

Fo>1

A3-wave
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ya N

g > 1: increase in
sediment flux

O(1) step in
bedform, evolves

as sediment bore.

Results in a
shock wave
immediately.

‘wash-out: O(e)
step in bedform,
evolves. Results
in a shock wave
immediately.

‘wash-out’: O(e)
step in bedform.
Results in a
shock wave
immediately.
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q < 1: decrease in
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sediment is injected into the system, there is an increase in the slope of the charac-
teristic curves, resulting in a shock wave, and similarly a decrease in sediment flux
results in an expansion wave.

The results are summarized in table 3.

6. Weak shock theory

When there is finite-time blow-up in |u;| and |u,|, we continue the solution by
the insertion of shock waves. Using the non-dimensional integral conservation laws
(2.10)—(2.12), in conjunction with the shock depth function of Needham & Hey
(1991), we can extend the solution in situations (such as those discussed in the
previous section), where the solution becomes multivalued, by allowing piecewise-
classical solutions, resulting in the introduction of shock waves. Usually, these shock
waves have to satisfy the full conditions given in Needham & Hey (1991), which
are in general difficult to apply. In this section, however, we use weak shock theory,
which gives a simplification. We show that for small disturbances, the solutions of
the simple wave equations can be continued after finite-time blow-up, by inserting
shocks which satisfy the equal area rule as developed by Whitham (1974).

To establish that the weak shock hypothesis holds in our case, we show that a shock
satisfying the full conditions developed by Needham & Hey (1991), is equivalent to
inserting an equal area shock into a simple wave solution, up to the first nonlinear
order in shock amplitude. We consider the case where there is a shock wave at
x = s(t), propagating into downstream conditions of uniform flow, in both the cases
of shocks satisfying the conditions of Needham & Hey (1991), and the equal area rule
of Whitham (1974). The shock wave families which satisfy the full conditions imposed
by Needham & Hey (1991) are in fact the C;-shock waves, i = 1,2, 3, described in
Zanré & Needham (1994). The rest of the upstream flow conditions for these shocks
are denoted by

Phil. Trans. R. Soc. Lond. A (1996)

v=g(H), $=06H), (6.1)


http://rsta.royalsocietypublishing.org/

/,//’ \\
o \
( 2\

J (

Py

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

N\\

A

a

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

3040 D. D. L. Zanré and D. J. Needham

for the solutions involving the C;-shock waves, i = 1,2, 3, with f(-) and g(-) given in
Zanré & Needham (1994), and where § is the shock speed. The upstream conditions
for the equal area shocks, on the s;-simple wave (i = 1,2, 3), are
A(H) — A(1
¢=F(H), v=G(H), é:—i—)————(——), (6.2)
H-1

with F(-) and G(-) given earlier and where again $ is the shock speed, determined
by writing the hyperbolic conservation laws (5.1) in the integral form

d X %
= | hdz+ AR =0, (6.3)
dt Jx, 1
where
h

1
for ¢ = 1,2,3, and then splitting the limits of integration so that to the left of the
step discontinuity, 1 < z < s(t) and to the right of the discontinuity, s(t) < x < z.
Expanding about H = 1, we find that to O(H — 1), the shock speed in (6.2) is given
by

§=N(1)+ F(H = 1)X(1) (6.5)
for ¢ = 1,2,3. We consider the cases for each of the simple wave families in turn,
showing consistency, up to first nonlinear order in shock amplitude, between the full
shock conditions (6.1) and the weak shock conditions (6.2).

(a) Weak shock consistency for the sz-simple wave family

In this case, we have for the upstream conditions (6.1) in the full Cs-shock (Need-
ham & Hey 1991),

) —e(H — 1)(H(H + 1))/? ) (H —1)(H + 1)'/? (6.6)
VAR (L+ [H(H + 1)/ RE)7) T
(H—1)H'"?(H 4 1)'/?
H)~1 .
o) ~ 1+ e (67)
§(h) ~ 1+ H(H +1)/(2F3), (6.8)
while the equal area shock (6.2) on the s3-simple wave gives
4e Fo—2+3yH
2  VH
GH)~1- —+ :
m~1-p+ L (6.10)
§ 1+i+ 3(H—1) (6.11)
Fy 2K ’ '
from (3.28)—(3.30) and (6.5). Taking the weak shock limit, we substitute
H=1+H, where H<1 (6.12)

into (6.6)—(6.11), to find that the two sets of expressions are consistent to O(H),
which is readily verified.
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(b) Weak shock consistency for the sy- and si-simple wave families

To examine the consistency of the full shock conditions (6.1) with the weak shock
conditions (6.2) we consider the (H, Fp)-plane for H =1~ H with 0 < H < 1. It
is then straightforward (although lengthy) to show that, up to O(H), shocks of the
Cy-class (as given in Needham & Hey 1991) are consistent with weak shocks inserted
in sy-simple waves, while shocks of the Cj-class (details in Needham & Hey 1991)
are consistent with weak shocks inserted in the s;-simple waves.

Thus we can now follow weak disturbances in the s;-simple wave (i = 1,2,3)
beyond breaking-time by inserting shocks into the multiple valued profiles which
satisfy the Whitham equal area rule. We consider some specific examples.

(¢) Dredged channel

Consider a dredged section of a riverbed; we have already seen in § 5 that if Fy < 1
an O(1) badform develops and is transported downstream, being carried by the so-
simple wave. Conversely, when Fj > 1 the O(1) bedform is carried upstream by the
s1-simple wave. Therefore, we apply weak shock theory to each of these situations in
turn, again considering the depth height h, after which for the weak shock solution
there is a simple linear transformation between h and the bedform &.

(l) Fy<1
At t = 0, we have a dredged section which is approximated by the initial condition
of the top hat function,

1, < -1,
h=4 H, —-l1<z<1, H>]I, (6.13)
1, 21,

and with h satisfying the hyperbolic conservation law (3.41), where
No(h) ~ ~2¢/(F3 —h%) (> 0).
In the weak shock limit, we write

h=1+H, 0<H<1,
(6.14)

H=1+H, 0<Hy, <1,

and substitute into the form for A;(h), the initial condition (6.13) and the hyperbolic
conservation law (3.41), to obtain at t = 0,

0, z<-1,
H={ Hy -1<z<]1, (6.15)
0, z2>1,

with H satisfying the hyperbolic conservation law

OH . OH
i >\2(H)5; =0, (6.16)
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Figure 18. The (H, z) profiles in the channel dredging problem, Fy < 1.

where Ao (H) ~ a+BH > 0 with o = 2¢/(1-F2) > 0and 8 = —6¢/(1—F2)? < 0. As
H increases, \y(H) decreases, resulting in an expansion at the downstream end and
a shock at the rear. After some time ¢ > 0, the initial profile has moved a distance
)\Q(O)t along H = 0 and A\y(Ho)t along H = Hy, from its initial position, as shown
in figure 18. Since the solution has now become multivalued at the back, we follow
Whitham (1974), and fit a shock at x = sg(t) such that two triangles A and B, of
equal area, are formed. By simple geometry we know that the height of A and B are
equal, and by using the equal area rule, namely

area(A) = area(B) (6.17)
we find that
sr(t) + 1 — A(Ho)t = Aa(0)t — sg(t) — 1.
Thus
sr(t) = =14 1[Xa(0) + Ao (Hp)]t. (6.18)

The expansion wave between (1 + \y(Hp)t, Hy) and (1 + A3(0)t,0) can be found in
the usual way, to give the expansion wave solution as

H,, sr(t) <z < 1+ Ap(Ho)t,
H(z,t) ~ Ho(z —1- ’\2(0)t), 14 Xao(Ho)t <z <1+ Ay(0)t, (6.19)
[A2(Ho) — A2(0)]¢
0, z > 1+ A(0)t,

with sg(t) given by (6.18). The height of the new profile remains the same, with a step
discontinuity at z = sg(t), and the expansion wave (6.19) at the front. Eventually,
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H
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Figure 19. The (I:I ,x) profile when the expansion and shock waves collide.

at some critical time ¢ = ., the shock and expansion waves collide at (s.(t.), f]o).
Thus the profile at ¢ = t. is as illustrated in figure 19. Along H = 0, the profile has
moved a distance A\2(0)t., and along H = H, the distance moved is A\y(Hj)t., which
is the position at which the shock is now situated, s.(t.). At ¢t = t., we have

Se(te) = sr(te) (6.20)
giving, from (6.20), the critical time

4

= N0 ) (621

C

and the shock position
5u(te) = A2(0) + 3)\2({10).
A2(0) — Az(Ho)

The expansion between z = s.(t.) and 1 + A3(0)¢. is now determined, giving the
profile at t = t. as

(6.22)

( 0, x < Se(te),
Hy ((m —5)22(0) — (2 — 1)&(1%))
H(z,t) = 4 4 X2 (Hp) — X2(0) | ,
Se(te) < x <14 A2(0)te,

(6.23)

L Oa z > 1+ )\Q(O)tm
where s.(t.) is given by (6.22) and
14 X2 (0)te = (5X2(0) — A2(Hp))/(A2(0) — Aa(Ho).
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At time t > t., the profile at ¢t = ¢, has expanded more at the front and shocked at
the back, having moved A2(0)(t—t.) and Ao (Hy)(t —t.) along H = 0 and H = H, re-
spectively. Again, a shock must be fitted at position x = s;(t), creating two triangles
which satisfy the equal area rule (6.17), as shown in figure 20. The shock line now
forms the new profile, of a right angled triangle of height H;. From the conservation
of area, the original triangle in figure 19 must have the same area as the double
valued triangular profile in figure 20. By (6.17) it must also have the same area as
the triangle of height ;. Equating the areas of the original profile at ¢ = ., and the
triangle of height Hy, we find that

s1(t) = 1+ A (0)t — go Ma(0) — Ao (H)]te, (6.24)

1

with ¢, as given in (6.21). The expansion line between
(14 Xo(Ho)t, Hy) and (1 + Xa(0)t,0)

is

(A2(Ho) — X2(0))¢

On substituting the condition H = H; at = = s,(t) along with the form of s, (t) from
(6.24), into (6.25), we find that the height of the triangle has now reduced to

(6.25)

Hy = Hy(t./t)Y?, (6.26)
and the new shock position is given by
s1(t) = 14 X(0)t — (£te)/2[A(0) — Ao (Hp)] (6.27)

from (6.26) and (6.24). We observe that the shock height in (6.26) decays as O(t~1/2),
which is consistent with Lax (1957). On differentiating (6.27) with respect to t, we
find that the shock speed is

$1(t) = Xa(0) — 5(te/t)*[X2(0) — Ao (Hy)], (6.28)

which tends to A2(0) from below as t — oco.

Referring to the bedform, we observe that the dredged section propagates down-
stream with O(e) speed. A sediment bore forms at the rear and a sediment expansion
wave at the front. The dredged section maintains its original depth until ¢t = t., after
which the sediment bore catches up with the rear of the sediment expansion wave.
The depth of the dredged section thereafter diminishes, being of O(t~!/?), having
propagated a distance of O(et) as t — oo.

(i) Fy > 1
Here, the initial conditions are as in (i) with A satisfying the hyperbolic conserva-
tion law (3.51). In the weak shock limit we substitute

A

h=1-H, 0<H<1,
, (6.29)

H=1-H,, 0<Hy<1,

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 20. The (H,x) profiles for t > te, Fy < 1.

into (3.51), (5.26) and the O(e) form for A\;(h), given in (3.52), to obtain the conser-
vation law for H,
OH ~ OH
or TMUID Gy =
where A\ (H) ~ a — BH < 0, with a = 2¢/(1 — F3) < 0 and 8 = —6¢/(1 — F2)* < 0.
Thus |\ (H)| is monotone decreasing with increasing H. Also, initially, H satisfies
the condition (6.15).

After finite time ¢t > 0 we have the situation illustrated in figure 21, where there
is a shock facing downstream and an expansion at the rear, with the profile moving
upstream. As in (i), we fit the shock at the point x = sg(t), creating two triangles
A and B, which satisfy the equal area rule (6.17). We then find, on applying (6.17),
that

0, (6.30)

sr(t) = 1+ L[\ (0) + A (Ho))t. (6.31)

We also readily establish that the expansion wave solution is given by

0, r< -1+ /\1(0)t,
H(z,t) ~ Ho(z+1- Al(o)t), —14+ M0t <z < —1+ A\ (Hot, (6.32)
[A(Ho) — Ai(0)]¢
H, -1+ Al(ﬁo)t <z < sg(t),

with sg(t) as given in (6.31). Eventually, at ¢t = t., the shock wave will have caught
up with the expansion wave at the point z = sc(t.), so that the profile is now that
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A
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A (0)¢ A1(0)t
Figure 21. The (EI ,z) profiles in the channel dredging problem, Fy > 1.
of a right-angled triangle of height H,. We find that the critical time is
4
B (6.33)
M (Hp) — A1(0)
giving the shock position as
A (0) + 3\ (H
se(te) = 1(0) + 3N (Ho) (6.34)
AL(Ho) = A1(0)
From the equation of the hypotenuse, the equation for H at t = t. is therefore
0, z < =14+ X (0)te,
Ay <(m + DA (Ho) — (z + 5)>\1(O)>
Az t)={ 4 A1 (Ho) = A1 (0) ’ (6.35)

-1 + Al(o)tc <z < SE(tC)>

\ 0, T = Se(te),

with s.(tc) given by (6.34). Using the same arguments as for Fy < 1, we use the
conservation of area rule to fit a shock of height H; at x = s;(t), after some time
t > t. shown in figure 22, to find the new shock position as

s1(t) = =1+ A\ (0)t — %[Al(m — M (Ho)lte, (6.36)

1
with ¢, given by (6.33). We can again find the equation of the expansion wave between
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A

H

Ho

..... Hl

P S
SO SRS |

I~
\j

a0 s(t) -1 0
M (0)(t —tc) M(0)(t —tc)

Figure 22. The (H,x) profiles for t > t., Fo > 1.

(=1 + A1 (0)t,0) and (—1 -+ A;(Ho)t, Hy) and substitute H = H; into the resulting
equation, with & = s1(t) given by (6.36). Thus, we find that the shock height again
decays as O(t~'/2), and is given by (6.26). The substitution of (6.26) into (6.36),
leads to the shock speed

$1(t) = M(0) = §(te/t)2[A1(0) — A1 (Ho)]. (6.37)

As t — 00, §1 — A1(0) from below.

Relating to the bedform, we observe that now the dredged section propagates
upstream with O(e) speed. A sediment bore forms at the downstream edge and a
sediment expansion wave at the upstream edge. The dredged section maintains its
original depth until ¢t = ¢, after which the sediment bore catches up with the rear of
the sediment expansion wave. The depth thereafter diminishes as O(t~'/2), having
propagated over a distance of O(et) as t — oo.

(d) Transportation of a sediment slug

Sediment slugs are localized humps of bed-load sediment which propagate through
the bedform. This is very similar to the dredged channel problem of the previous sec-
tion. Again, to propagate a significant bedform disturbance, we require the properties
of the so-simple wave family, for Fy < 1, and those of the s;-simple wave family, for
Fy > 1. As before, we construct the analytic solution for the flow depth with there
being a simple linear transformation to the bedform results.

(i) Fy <1

In this case we use the initial condition (5.26), H < 1 and h satisfying (3.41), with
X2 (h) being the O(e) form of (3.38). Since h < 1, in the weak shock limit we substitute
(6.29) for h and H, in the relevant equations, to give the initial condition (6.15), with
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Hy > 1and H > 1 satisfying the conservation law (6.16). Here Xy (H) ~ o — ﬁH >0,
where a = 26/(1 — F2)>0and = —6¢/(1 — F2) < 0. As H increases, \o(H) also
increases. Therefore we have a shock at the front and an upstream expansion wave,
while the whole system is transported downstream. The analysis is then the same
as the dredging problem for Fy > 1, with the same results except that, instead of
A1(h), the characteristic wavespeed is now Ay (h).

Relating to the bedform, we see that the hump or slug in bedform propagates
downstream with O(e) speed. A sediment bore forms at the front and a sediment
expansion wave at the rear.

(11) Fy>1

Here, h satisfies the partial differential equation (3.51), with the initial data (5.22),
where Ay (h) is O(e) and given by (3.52). For weak shock conditions, we substitute
for h and H from (6.13), to obtain the conservation law satisfied by H as (6. 30)
where A\ () ~ a+ BH(< 0) and a = 2¢/(1 — F2) < 0, 8 = —6¢/(1 — F2)? <
and the initial condition is now (6.15), with Hy > 0. We observe that |\ (H )| is
monotonically increasing with increasing H and the system is carried upstream by
the A;(h)-wave. By continuing the weak shock analysis we see that the situation is
very similar to that for the dredged section when Fy < 1, and the results are exactly
the same with Ay(h) replaced by A;(h). Regarding the bedform hump or slug, this
propagates upstream with an O(e) speed. A sediment bore forms at the upstream
face of the slug, with a sediment expansion wave at the downstream face.

(e) Upstream sediment injection and starvation

Here, we consider the downstream evolution in bedform which occurs when at a
specific upstream control station, say at x = xp, there is either a prescribed increase
or decrease in sediment flux from the uniform conditions. We consider the problem
in the weak shock limit; that is for small increases and decreases in sediment flux.

(i) Injection

The generated bedform must propagate downstream, and must therefore be carried
on the sy-simple wave family, along the Ay characteristics. We can relate (via ¢ = v?
and (3.39), (3.43)) the upstream condition to an associated condition on A. On doing
this we arrive at a signalling problem to be solved for A in x > zp,t > 0. Here,
h satisfies the sp-simple wave conservation law (3.41), subject to the initial and
boundary conditions,

h(z,0)=1, x> zp,
(=0) P (6.38)
h(ZUD,t)ZH, t> 0,

where gp = 1/H? is the upstream prescribed sediment discharge. In this case gp > 1
and so H < 1. There are two cases to consider. When Fy > 1, the associated bedform
generated in z > xp, t > 0 is uniformly of O(e) and large scale bedforms are ‘washed-
out’ (from (3.42)—(3.44) with H ~ 1). We do not pursue the details of this case any
further.

However, when Fy < 1, the bedforms which are generated are of O(1) (from (3.38)—
(3.40)) and we consider the details. Since H < 1, we substitute for A and H from
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Figure 23. The (H,z) profiles for the injection problem, Fy < 1.

(6.29), which gives the initial and boundary conditions as

H'a:,O =0, z2=2zp,
) (=0) A P (6.39)
H(.Q?D,t):Ho, t >0,

with Hy > 0. In the weak shock limit (Hy < 1) . H(x,t) now satisfies the hyperbolic
conservation law (6.16), where Ay(H) ~ a — ,3H(> 0), with a = 28/(1 - F02) > 0
and 8 = —6¢/(1 — F5) < 0. We see that A2(H) is monotonically increasing with
increasing H. We have therefore, a shock moving downstream, as shown in figure 23.
We insert a shock at position x = sg(t), and apply the equal area rule (6.17) to the
two resulting triangles. We find that the shock position is given by

sr(t) = 2p + £[X2(0) + Ao (Ho)]t. (6.40)
The solution is therefore

. H, zp < x < sg(t),
H(z,t) = ° (t)

0, z>sg(t),
in z > xp,t > 0. The associated bedform, obtained from (3.40) thus generates a
sediment bore from x = xp which is located at x = sg(t) and propagates steadily
downstream with speed of O(g).
(if) Starvation

Again the generated bedform must propagate downstream, and is therefore carried
as an Sp-simple wave. As in §6e (i), we again solve a signalling problem with initial
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Figure 24. The (H,x) profiles for the starvation problem, Fy < 1.

and boundary conditions given by (6.38), except that now, since ¢(zp,t) < 1, we
require H > 1.

When F; > 1, the associated bedform, given by (3.44), is uniformly of O(e). We
do not consider the case further.

For Fy < 1 an O(1) bedform is generated (via (3.40)). In the weak shock limit
we substitute for A and H using (6.14) (as H > 1), which leads to the initial and
boundary conditions (6.39) with Ho >0, and H(x,t) now satisfying (6.16), where
Xo(H) is given by Ag(H) ~ a+ﬁH(> 0), « =2¢/(1—Fg) >0and 8 = —6¢/(1 —
F2)? < 0. In this case Ao (H ) is monotone decreasing with increasing H, and an
expansion wave is generated, as shown in figure 24. It is readily established that the
expansion is given by

ﬁg, rp<zr<l+ /\Q(ﬂ())t,
Ayt = Ho@ =120 g <o 14 a0, (6.41)
[A2(Ho) — A2(0)]t

The associated bedform, from (3.39), generates a sediment expansion wave from
T = zp, which accommodates the lowering in bed-level. This propagates downstream
with O(e) speed.

(f) Downstream sediment blocking and extraction

Here we consider the upstream evolution in bedform which occurs when at a
specific downstream control station, say at © = xp, there is either a blockage in
sediment flux from uniform conditions, or there is sediment extraction. Again we
consider the problem in the weak shock limit; that is for small rates of blockage or
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extraction. Blockage corresponds to a reduction in sediment flux at x = xp, whereas
extraction corresponds to an increase in sediment flux at x = xp.

(i) Blocking

The generated bedform must propagate upstream from z = xp, and must be
carried on the s;-simple wave family, along the A;-characteristics. We can relate the
downstream condition on ¢ to an associated condition on h, via ¢ = v? and (3.46)
and (3.49). We therefore arrive at a signalling problem to be solved for & in z < zp,
t > 0. Here, h satisfies the s;-simple wave family conservation law, (3.51), subject to
the initial and boundary conditions,

h(z,0) =1, z < zp,
(=0) ° (6.42)
h(dID,t)ZH, t >0,

where gp = 1/H? is the downstream prescribed sediment flux. In this case gp < 1
and so H > 1.

There are two cases to consider. When Fy < 1, the associated bedform generated
in z < xp, t > 0 is uniformly of O(¢) and large scale bedforms are ‘washed-out’
(from (3.48)—(3.50) with H ~ 1). We do not pursue the details of this case further.

However, when Fy > 1, the bedforms which are generated are O(1), from (3.52)—
(3.54). Since H > 1, we substitute for h and H from (6.14), which gives the initial
and boundary conditions as

A

H(z,0) =0, z<zp,
) (.0) i ° (6.43)
H(xzp,t) = Hy, t>0,

with Hy > 0. In the weak shock limit H (z,t) now satisfies (6.30) with
M(H) ~a+ 8H <0,

with a = 2¢/(1—F$) < O and 8 = —6¢/(1—F2)? < 0. We observe that as H increases,
|A1(H)| also increases. The system propagates upstream, with a shock forming, as
seen in figure 25. We fit a shock at © = sg(t), such that the two triangular regions
formed satisfy the equal area rule (6.17). We find that the shock position is given as

sgr(t) = zp + [\ (0) + A (Ho)lt. (6.44)

The solution is thus

N ﬁ, sr(t) <z < zp,
Aat)={ " () P (6.45)

0, < sg(t),
in x < zp, t > 0. The associated bedform, obtained from (3.54), thus generates an

upstream propagating sediment bore from x = zp, which is located at z = sr(¢) and
propagates steadily upstream with speed of O(¢).

(i) Eztraction

Again the generated bedform must propagate upstream, and is therefore carried
as an sj-simple wave. As in §6 f (i), we solve a signalling problem given by (6.42)
except that now, since ¢(xp,t) > 1, we require H < 1.
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Figure 25. The (]fl ,x) profiles for the sediment blocking problem, Fy > 1.

When F < 1, the associated bedform (given by (3.50)) is uniformly of O(e) and
this case is not considered further.

For Fy > 1, an O(1) bedform is generated, via (3.54). In the weak shock limit
we substitute for h and H from (6.29), with H < 1, which leads to the initial and
boundary conditions (6.43) with Hy > 0, and H(z, t) now satisfying (6.30), where
MH)~a—BH<0, a =2/(1-F2) < 0and 8 = —6¢/(1 — F3)? < 0. We
observe that |\ (H)| is monotomcally decreasing with increasing H, thus creating
an expansion wave solution, as shown in figure 26. It is readily established that the
solution is given by

Hy, 1+ M\ (Ho)t < z < zp,
Ho(z —1— X (0)t)

[ (Ho) = A (0)]t
0, x <1+ X (0)t.

H(z,t) = , T+ (0)t < o<1+ M (Ht,

The associated bedform, obtained from (4.37), generates an upstream propagating
sediment expansion wave which accommodates the lowering of the bed-level at x =
zp. This propagates upstream with a speed of O(g).

7. Discussion

The nonlinear hydraulic equations of alluvial river dynamics have recently been
considered by Needham & Hey (1991, I) and Zanré & Needham (1994, II). In II the
equations, in differential form, were shown to form a third order strictly hyperbolic
system. Thus, for general initial data, finite-time blow-up of classical solutions will
often occur, this being pointwise in gradient. To continue solutions beyond this blow-
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Figure 26. The (I:I ,x) profiles for the sediment extraction problem, Fy > 1.

up time, Needham & Hey returned to the primary integral conservation laws and
augmented the system with a shock-depth function, I. This enabled solutions to be
continued beyond the blow-up time through the insertion of appropriate shock waves.
The possible shock waves which may then propagate in the system were studied in
detail in I. It was found that there are three distinct shock-wave families, referred
to as ¢;-shocks (i = 1,2,3), corresponding to characteristic intersection on the ;-
characteristic families (i = 1,2,3) respectively. The ¢;-, co-shocks were shown to
correspond to sediment bore propagation in alluvial rivers, a feature borne out by
experimental observations, I. It was also shown in II that energy dissipating shocks
are stable to smoothing perturbations.

In the present paper we have examined the three simple-wave families which can
propagate in alluvial rivers. These have been identified as s;-simple waves (¢ = 1,2, 3).
In each simple wave family there is an associated expansion wave, the e;-expansion
wave (¢ = 1,2,3), which are the counterparts to the ¢;-shock waves (i = 1,2,3).
The details of each expansion wave have been derived, and it has been shown that
the propagation of an expansion wave through an alluvial river requires a decrease
in the upstream sediment transport rate. This is in accord with the results of I
which established that the propagation of a shock wave through an alluvial river flow
requires an increase in the upstream sediment transport rate. In particular it has been
shown that the e;-, es-expansion waves are responsible for the propagation of the
observed sediment expansion waves through alluvial rivers. The long time evolution
of general disturbances to alluvial flows can then be decomposed into the propagation
and interaction of sediment bores (¢1-, ca-shocks) and sediment expansion waves (e;-,
eg-expansion waves).

More general simple waves associated with monotone and single hump bedforms
have been considered, together with sediment injection and starvation problems.
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These problems have been related to the generation of sediment expansion waves
and sediment bores in alluvial flows.

Finally a weak shock theory has been developed for the system, and this has been
applied to several situations of practical interest. These include channel dredging,
transportation of sediment slugs, upstream sediment injection and starvation and
downstream sediment blocking and extraction.

D.D.L.Z. thanks EPSRC for financial support through an Earmarked Research Studentship.
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